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Abstracts 
 

Design Provisions for Post-Tensioned 
Masonry Walls Loaded Out-of-Plane 

 
By: Jennifer R. Bean Popehn and Arturo E. Schultz 

 

KEYWORDS: post-tensioned, masonry, flexural strength 
design, tendon stress, stress block, effective depth, 
nominal, strength, moment capacity 
 
ABSTRACT: This paper reviews the expressions for 
estimating of tendon stress at nominal flexural strength of 
post-tensioned masonry walls provided by five masonry 
design codes worldwide. The accuracy of the masonry 
design provisions used in the United States is investigated 
with data from 127 finite element analyses and 66 
experimental wall tests. A new expression for estimating 
the tendon stress at nominal flexural strength for post-
tensioned masonry walls was developed and verified. The 
proposed formula applies to walls subjected to out-of-
plane loads and considers a range of variables including 
aspect ratio, reinforcement ratio, magnitude of effective 
prestress, magnitude of external axial load, material 
properties, tendon restraint conditions, and support 
conditions. 
 

Effective Shear Design of Reinforced 
Masonry Beams 

 
By: Salah R. Sarhat and Edward G. Sherwood 

 
KEYWORDS: shear, beams, modified compression field 
theory, reinforced concrete masonry 
 
ABSTRACT: The objective of this paper is to analyze 
shear design provisions for reinforced concrete masonry 
(RCM) beams. Design provisions from various building 
codes are assessed in terms of reliability and predictive 
capabilities. A database of 112 shear tests reported in the 
literature on RCM beams without stirrups is assembled, 
and the failure shear stresses of these beams are predicted 
using four different masonry design codes. The analyzed 
codes include CSA S304.1-04 (Canada), TMS 402-08 
(US), AS 3700-2001 (Australia), and BS 5628-2:2005 
(UK). A fifth set of shear design provisions is chosen as 
well – the General Method of shear design from the CSA 
A23.3-04 code for reinforced concrete. 
 
The study showed that the average Vexp/Vpred ratios for the 
masonry codes ranged from 1.05 to 1.53. However, high 
coefficients of variation for all four masonry codes 
indicated that low strength reduction factors are required 
in order to apply the design codes with appropriate levels 
of safety. Interestingly, the CSA A23.3 general method 
had the lowest coefficient of variation of all five codes, 
and the third lowest average ratio of tested to predicted 
strength. It is concluded that RCM beams exhibit similar 
behaviour in shear as reinforced concrete beams, and that 
their shear strengths can be more accurately and safely 
predicted using the CSA A23.3 code than current 
masonry codes. 
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Evaluation of Design Provisions for In-Plane 
Shear in Masonry Walls 

 
By: C.L. Davis, D.I. McLean, and J.M. Ingham 

 
KEYWORDS: masonry, shear, walls, design provisions, 
cyclic loading. 
 
ABSTRACT: This research investigated current and 
proposed design procedures for in-plane shear in masonry 
walls. Procedures considered include both strength design 
and allowable stress design provisions in the 2008 MSJC 
Building Code Requirements and Specifications for 
Masonry Structures, the New Zealand masonry design 
standard NZS 4230:2004, the Canadian masonry design 
standard CSA S304.1-04, provisions in the 1997 Uniform 
Building Code, and proposed design equations developed 
by Shing et al. in 1990 and by Anderson and Priestley in 
1992. Predicted shear strengths from the various 
procedures were compared with results from a wide range 
of tests of masonry walls failing in in-plane shear. The 
test data encompassed both concrete masonry walls and 
clay masonry walls, all of which were fully grouted. 
Statistical analyses were performed to compare the 
overall effectiveness of each set of provisions or proposed 
equation. Parametric studies were also performed to 
evaluate the ability of the provisions and equations to 
account for the effects of specific parameters. The current 
MSJC strength design provisions were found to provide 
the best shear predictions over a wide range of wall 
parameters. Based on the results of this study, 
recommendations are made to improve the current MSJC 
strength design and allowable stress design provisions. 
 

Performance of Poor - Quality Indigenous 
Brick Walls Strengthened by GFRP 

 
By: Ghassan K. Al-Chaar 

 
KEYWORDS: Glass Fiber Reinforced Polymer 
composites, SikaWrap, Gobain Tech-Feb Super 
FibaCrete, seismic rehabilitation, indigenous brick, cyclic 
testing, monotonic loading. 
 
ABSTRACT: A laboratory study was conducted to 
evaluate the effectiveness of two types of composite 
reinforcement systems that are surface-applied to masonry 
walls to improve seismic performance. The walls were 
designed to mimic poor-quality indigenous bricks used in 
many developing countries and their methods of 
construction. In-plane cyclic load tests on three double-
wythe panels and out-of-plane cyclic load tests on 19 
double-wythe narrow wall sections were conducted. A 
bare (unimproved) wall and narrow wall sections, and 
walls and narrow wall sections strengthened with glass 
fiber reinforced polymer (GFRP) were tested. The two 
GFRP systems used were SikaWrap Hex 100G and Saint 
Gobain Tech-Feb Super FibaCrete (SFC). Issues to be 
addressed were the lack of adequate in-plane shear 
strength to resist lateral loads and the lack of minimum 
reinforcement within the walls. In-plane and out-of-plane 
resistance to shear and bending were significantly 
improved using the GFRP overlay reinforcement systems. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



TMS Journal December 2010  7 

 

Stochastic Bayesian Calibration of Finite 
Element Models of Masonry Vaults 

 
By: Sezer Atamturktur and Thomas Boothby 

 
KEYWORDS: Unreinforced masonry, vaults, finite 
element model, calibration 
 
ABSTRACT: Historic unreinforced masonry buildings, 
both in the US and in other locations, include features 
such as load bearing unreinforced masonry vaults, and 
their supporting framework of piers, fill, buttresses, and 
walls. The assessment of these features and the prediction 
of their behavior under load require careful development 
of an analytical model and, eventually, some procedure to 
determine whether the behavior predicted by the model is 
similar to that of the structure being assessed. In this 
paper, experimental modal analysis is applied to the 
calibration of an analytical model of a masonry vault. The 
dynamic response characteristics measured on the vault 
are compared to the predictions of the analytical model. 
An automated, Bayesian statistics- based procedure is 
developed for affecting these comparisons, using 
posterior distributions of expected parameters of the 
analytical model. In this procedure, expected values of 
important parameters, such as modulus of elasticity of the 
vault material and support spring constants of the vaults 
are determined, based on the results of the experiments. 
The procedure is applied to the determination of elastic 
constants for the choir vaults of the National Cathedral, 
Washington, DC. 
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Design Provisions for Post Tensioned Masonry 
Walls Loaded Out-of-Plane 

 
Jennifer R. Bean Popehn1 and Arturo E. Schultz2 

 
INTRODUCTION 
 

In strength design of post-tensioned masonry, 
accurate prediction of the tensile stress magnitude in the 
tendons at nominal flexural strength is crucial for accurate 
estimation of member strength. Although the use of 
bonded tendons is rare, the tendon stress can be found in 
this case using analyses that ensure strain compatibility 
with the surrounding masonry. In the case of post-
tensioned masonry walls with unbonded tendons, the 
focus of this paper, the tendon stress at nominal flexural 
strength results from the combination of (1) the effective 
prestress and (2) the change in prestress magnitude due to 
bending. Bending of the wall generates deformation 
between the tendon anchorages at the top and bottom of 
the wall, which elongates the tendon and increases the 
tensile stress.  

 
Design provisions to calculate the tendon stress and 

nominal flexural strength have been adopted in New 
Zealand, Canada, Australia, England and the United 
States. This paper investigates the accuracy of the formula 
recommended in 2008 (MSJC 2008) for use in building 
codes in the United States (US) (International 2009), the 
previous version of this formula (MSJC 2002), the 
Canadian design formula (CSA 2004), and a formula 
proposed in New Zealand for in-plane loading (Wight 
2006). A new formula to calculate the tendon stress at 
nominal flexural strength is proposed based upon flexural 
mechanics and comparison with finite element studies. 
Verification of the proposed expression is also made 
using a database of experimental tests of out-of-plane 
walls that have been conducted worldwide. 
 
REVIEW OF CODE TENDON STRESS 
FORMULAS 
 

Formulas used to calculate the tendon stress at 
nominal flexural strength obtained from five masonry 
codes worldwide were reviewed. For simplification of 
comparison, a standard notation is used for all equations, 
which may be different from that appearing in the 
corresponding documents. 

The formula used to calculate tendon stress at ultimate 
flexural strength in the New Zealand code, NZS 4230 
(2004) is shown in Expression 1. It originated from the 
New Zealand concrete standard, and has been converted 
to English units with N = 100. 
 

 py
ps

effm
seps f

NA

bdf
ff d�� 

'
10000  (1) 

 
Equation 1 is identical to the expression used for post-
tensioned concrete members in the United States (ACI 
318 2008), except that f 'c has been replaced with f 'm. This 
formula, shown in US units, was developed based on 
research on unbonded prestressed beams (Mattock 1971) 
and was further modified using data compiled by 
Mojtahedi and Gamble (1978) on flexural behavior of 
slender post-tensioned concrete beams and flat plates. 
In ACI 318-08, the denominator of the equation is 
dependent  on the aspect  ra t io  of  the member 
(i.e., N = 100 for he/t ≤ 35, N = 300 for he/t > 35).  

 
The formula used to calculate the tendon stress at 

nominal flexural strength in the Canadian code (CSA 
2004) is given by Equation 2. This formula is applicable 
to walls for which the tendon maintains its position within 
the cross-section of the member as the member deflects 
(i.e., “restrained” tendons). 
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The expression for tendon stress at nominal flexural 

strength in the Australian (AS 3700-2001), British (BS 
5628-2 2000), and a previous version of the MSJC code 
document (MSJC 2002) masonry codes are in similar 
format. The basic form of these formulas is given by 
Equation 3, 
 

pyeff
p

mups
seps fcd

l
E

ff d�� )(
H

 (3) 

and the neutral axis depth, c, is given by Equation 4. 
 

bf
PAfac

m

vpsps

'DEE
�

   (4) 
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Equation 3 was developed by Phipps (1992) based on 
tests of post-tensioned concrete members, and it first 
appeared in the British Masonry code. The British code 
assumes a maximum useable strain of 0.0035, a modulus 
of elasticity of steel of 200 GPa, and stress block 
parameters D  and E  equal to 0.5 and 1, respectively. 
Additionally, iteration is needed to solve the equation 
because the term fps appears on both sides of Equation 3 
when Equation 4 is substituted for c in the former. To 
avoid iteration, it is often assumed that the tendon stress 
at ultimate moment capacity, fps, would be no larger than 
0.7fpu given the limits imposed on tendon stress. With 
these assumptions, the expression simplifies to the form 
used in the British masonry code with units of pounds per 
square inch (Equation 5). This expression was also used 
in the MSJC code document prior to 2005 (MSJC 2002). 
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The Australian code equation (Equation 6), in MPa, 

is nearly identical to the British expression. The 
parameters to define the rectangular stress block are 
different, which leads to a smaller coefficient in the 
bracketed term.  
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The 2005 and 2008 editions of the MSJC 

recommended design provisions include an updated version 
of the MSJC 2002 tendon stress formula (Equation 5) and 
address both unrestrained and restrained tendons. These 
provisions (MSJC 2008) are intended to ensure that post-
tensioned masonry sections remain uncracked under 
service loads and have sufficient moment strength to resist 
ultimate loads (Rodriguez et al 1998, Drysdale et al 1999, 
Laursen and Ingham 1999, Bean and Schultz 2001, Bean 
2003). The updated tendon stress formula is based on work 
by Bean and Schultz (2003) who demonstrated that the 
2002 MSJC provisions did not always provide accurate 
predictions of wall flexural strength when unbonded 
tendons were used (Bean 2003). Based on 54 experimental 
tests conducted on post-tensioned masonry walls with 
moderately slender profiles (10 < he/t < 25), subject to out-
of-plane loading, they found that flexural strength estimates 
could be overly conservative when compared to the 
experimentally determined capacities in laboratory 
specimens. Modifications were made to the formula for 
tendon stress at nominal flexural capacity, and these 
changes were accepted for the 2005 MSJC Provisions. 
These changes have led to an improvement of the overall 
accuracy of flexural strength calculations for out-of-plane 
walls with moderately slender profiles (Bean and Schultz 
2003, Bean 2003). 

 

The 2005 and 2008 Masonry Standards Joint 
Committee design equation (Equation 7) for the tendon 
stress at ultimate strength is the combination of the 
effective stress after all losses, fse (i.e., creep, shrinkage, 
elastic shortening, relaxation) and an additional term that 
represents the increase in tendon stress as the wall 
deforms in flexure in response to factored loading. This 
term is dependent on the tendon restraint condition (F = 
106 for restrained tendons and F = 7×105 for unrestrained 
tendons), depth-to-span ratio (de  ff /lp), and the ratio of the 
ultimate force in the post-tensioning steel (fp uAps) to the 
compressive strength in the concrete (bdf′m). 
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Although the modifications to the 2002 MSJC tendon 

stress formulas for walls with unbonded tendons was an 
improvement, it also raised questions regarding the use of 
these formulas. First, questions were raised about the 
potential for a single formula to address both tendon 
restraint cases. Second, the applicability of the 2008 
MSJC tendon stress formulas was questioned for walls 
with aspect ratios that fall outside the range of the 
experimental database used by Bean and Schultz (2003). 
The tendon stress formulas adopted by MSJC in the 2005 
and 2008 code were developed for moderately slender 
walls (10 < he/t < 25), and accuracy was not verified when 
these formulas are applied to either slender (he/t > 25) or 
stocky (he/t <10) out-of-plane walls. 

 
Recently, a study on post-tensioned concrete masonry 

walls subject to in-plane shear loading (i.e., shear walls) 
was conducted at the University of Auckland (Wight 
2006). Wight found that the current MJSC formula, 
Equation 7, could over-estimate tendon stress at nominal 
flexural strength in shear walls, where nominal flexural 
strength was defined when the masonry strain on the 
compression face reached a value equal to the code 
specif ied maximum useable  compressive st ra in   
(i.e., Wight assumed 0.003). He proposed a new 
expression (Equation 8) for calculating the tendon stress 
at nominal flexural strength based on experimental 
research and finite element studies of post-tensioned 
masonry shear walls with unbonded, restrained tendons 
subject to in-plane loading (i.e., shear walls).  
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In the following sections, comparisons will be made 
using physical data from experimental tests and computed 
data from finite element analyses for the formula from the 
CSA 2004, MSJC 2002 (similar to the British and 
Australian expression), MSJC 2008, and the expression 
proposed for in-plane design in New Zealand, (Equations 
2, 5, 7, and 8, respectively). Comparisons will not be 
conducted with Equation 1, since it has been 
demonstrated previously that this formula can lead to 
excessively conservative results (Bean and Schultz 2003). 
 
DATABASE FOR VERIFICATION OF 
TENDON STRESS AT NOMINAL 
CAPACITY 

 
Since their initial study, Bean Popehn and Schultz 

conducted 12 experimental tests on slender, post-
tensioned masonry walls subject to out-of-plane lateral 
loading (Bean Popehn 2007, Schultz et al. 2003). Using 
the experimental test data, they developed and verified 
nonlinear finite element models for post-tensioned 
masonry walls. Using the verified finite element models, 
Bean and Schultz conducted 107 analyses of simply-
supported post-tensioned masonry (PTM) walls, as well 
as 20 analyses of cantilever walls, with a broad range of 
aspect ratios, as well as other variables including 
reinforcement ratio, magnitude of effective prestress, 
magnitude of external axial load, material properties, 
tendon restraint conditions, and support conditions (Bean 

Popehn and Schultz 2008). These analyses, along with the 
experimental test results compiled by Bean and Schultz 
(2003), comprise the database on PTM wall flexural 
capacity and tendon stress that is used to evaluate existing 
tendon stress formulas and validate the formula proposed 
in this paper. 
 
Finite Element Data Set of Simply Supported Walls 
 

Finite element studies of laterally loaded simply-
supported post-tensioned masonry walls were conducted 
using DRAIN-2DX (Prakash, et al. 1993). A detailed 
description of the finite element models is given in Bean 
Popehn (2007) and Bean and Schultz (2007). A schematic 
of a simply supported wall model is shown in Figure 1a. 
The finite element formulation incorporated the effects of 
material nonlinearity, cracked masonry, various load and 
restraint conditions, and solid and hollow cross-sections. 
The models were verified against response data from tests 
of laterally loaded PTM and reinforced masonry walls, as 
well as eccentrically compressed and laterally loaded 
unreinforced masonry walls. Using these models, Bean 
Popehn and Schultz determined the effects of the (1) 
stiffness, (2) location, and (3) number of contact elements 
on the behavioral response of post-tensioned 
masonry(PTM) walls to lateral loading, and these 
responses were quantified and described in detail (Bean 
Popehn 2007, Bean and Schultz 2007). 

 

 
 

 
 

(a) Simply Supported    (b) Cantilever   (c) Legend 
 

Figure 1 — Schematic of DRAIN-2DX Models Use 
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A total of 65 simply supported walls with restrained 
tendons were modeled using DRAIN-2DX (Table 1).  
The walls investigated had aspect ratios (he/t) between 5 
and 50. Three types of steel tendons were considered 
with yield strengths 105 ksi (724 MPa), 130 ksi 
(896 MPa) and 234 ksi (1610 MPa) and corresponding 
ultimate strengths of 125 ksi (862 MPa), 150 ksi 
(1035 MPa), and 270 ksi (1860 MPa), respectively. 
These steel strengths correspond to Grade B7 high 
strength threaded bar (fpu = 125 ksi (862 MPa)), high-
strength prestressing bars such as Dywidag and 
Williams bars (fpu = 150 ksi (1035 MPa)), and high-
strength strand (fpu = 270 ksi (1860 MPa)). The 
unbonded length of steel was assumed to be equal to the 
wall height in all cases.  

 
Four masonry compressive strengths were used, 

where these values represent typical ranges in either 
concrete block or clay brick masonry (i.e., f 'c = 2000 psi 
(13.8 MPa), 3,000 psi (20.7 MPa), 4,000 psi (27.6 MPa), 
and 5,000 psi (34.5 MPa)). Initial tendon stresses varied 
from 0.1fpy to 0.8fpy. The resulting initial stress on the 
masonry due to post-tensioning and external axial load, 
fse,m, is listed in Table 1 to demonstrate that a range of 
realistic wall designs were considered.  

 
Finite element analyses of 42 simply supported walls 

with unrestrained tendons were also conducted (Table 2). 
The walls investigated had aspect ratios (he/t) between 5 
and 50, three masonry compressive strengths, and initial 
prestress levels between 0.1 fpy to 0.8fpy. 

 
The finite element wall models investigated were 

checked against the 2008 MSJC design provisions for 
permissible tendon stresses (Sections 4.3.1, 4.3.2, and 
4.3.3), masonry compressive stress for walls subject to 
out-of-plane loading (Section 3.3.5.3), and bearing 
stresses (Section 4.8.4.2). Some of the walls in the finite 
element investigation had stresses exceeding the code 
specified limits, as noted in the footnotes Tables 1 and 2. 
Although some walls did not meet the code specified 
limits, no walls were excluded from the database because 
the walls analyzed were chosen to study numerous 
variables and their influence on the prediction of tendon 
stress at nominal flexural strength. 

 
Finite Element Data Set of Cantilever Walls 
 

The twenty cantilever walls with restrained tendons 
in Table 3 were loaded out-of-plane with a lateral force 
applied at the top of the cantilever as shown in Figure 1b. 
The walls investigated had effective aspect ratios (he/t or 
khe/t) between 3 and 25 (the effective height factor k = 2). 
Steel yield strengths were 105 ksi (724 MPa), 130 ksi 
(896 MPa) or 234 ksi (1610 MPa) with corresponding 
ultimate strengths of 125 ksi (862 MPa), 150 ksi 
(1035 MPa), and 270 ksi (1860 MPa), respectively. The 

unbonded length of the steel tendon was equivalent to the 
height of the masonry in all cases. Masonry compressive 
strengths were representative of either concrete block or 
clay brick masonry (e.g., f 'm = 2000 psi (13.8 MPa), 
3000 psi (20.7 MPa), or 4000 psi (27.6 MPa)). Initial 
tendon stresses varied from 0.3fpy to 0.7fpy. 
 
Experimental Data for Simply Supported Walls  

 
Results from seven experimental investigations, 

published in the technical literature on structural masonry 
within the past two decades, were used to create a 
database of physical measurements on the nominal 
flexural capacity and tendon stress from 54 post-tensioned 
masonry walls tests. These experimental programs 
addressed a variety of variables used in post-tensioned 
masonry construction. A summary of each experimental 
program is given in Bean Popehn (2007). The results of 
the experimental tests of the investigation conducted by 
Bean and Schultz (Bean, et al. 2007) are also included in 
the database (BSD), making a total of 66 experimental 
tests (Table 4).  

 
Five investigations provided information on tendon 

stress at nominal flexural strength, fps, as well as nominal 
moment capacity, Mn (BSD: Bean et al. 2007, RHL: 
Rodriguez, et al. 1998, MM: Mojsilovic and Marti 1996, 
GP: Graham and Page 1995, LD: Lacika and Drysdale 
1995). Three additional experimental studies provided the 
maximum moment obtained during experimental tests 
(KDT: Krause, Devalapura and Tadros 1996, DA: Dawe 
and Aridru 1992, AN: Al-Manaseer and Neis 1987).  

 
ESTIMATING TENDON STRESS 
 

Using the database of finite element analyses on 
simply supported (Table 1 and 2) and cantilever walls 
(Table 3), the accuracy of the 2008 MSJC tendon stress 
equation (Equation 7) was investigated. Additionally, 
the tendon stress from the finite element analyses is 
compared to values calculated using the CSA 2004 
expression (Equation 2) and the MSJC 2002 formula 
(Equation 5), where the latter equation is equivalent to 
the British expression and differs from the Australian 
equation only by the coefficient in the bracketed term. 
Comparisons were not done using Equation 1, the New 
Zealand/ACI 318 formula, as this expression has been 
shown to provide excessively conservative values of 
tendon stress at nominal flexural strength for some cases 
(Bean and Schultz 2003, Bean 2003). Lastly, the 
expression developed in New Zealand (Wight 2006) for 
post-tensioned masonry shear walls (Equation 8) was 
also studied.  
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Table 1. Matrix of Simply Supported Walls with Restrained Tendons  
(1 ksi = =1000 psi = 6.89 MPa, 1 in. = 25.4 mm, 1 in.2 = 645.16 mm2, 1 kip-in. = 0.113 kN-m) 
 

Designation fpy 
(ksi) 

b 
(in.) 

t (in.) deff 
(in.) 

f’m 
(psi) 

L 
(in.) 

Aps 
(in.2) 

fse,m 
(psi) 

fps,fea 
(ksi) 

Mn,fea 
(kip-in.) 

B-10-0.18 105 24 3.68 1.84 4000 36.8 0.177 64 88.1 30.7
B-10-0.31 105 24 3.68 1.84 4000 36.8 0.314 112 82.2 47.2
B-10-0.49 105 24 3.68 1.84 4000 36.8 0.491 173 76.4 64.8
B-20-0.18 105 24 3.68 1.84 4000 73.5 0.177 63 61.0 22.4
B-20-0.31 105 24 3.68 1.84 4000 73.5 0.314 108 55.7 33.0
B-20-0.49 105 24 3.68 1.84 4000 73.5 0.491 171 53.3 46.3
B-30-0.18 105 24 3.68 1.84 4000 110 0.177 65 51.1 19.3
B-30-0.31 105 24 3.68 1.84 4000 110 0.314 110 46.5 27.0
B-30-0.49 105 24 3.68 1.84 4000 110 0.491 172 44.6 38.9
B-40-0.18 105 24 3.68 1.84 4000 147 0.177 64 47.0 18.1
B-40-0.31 105 24 3.68 1.84 4000 147 0.314 109 42.0 25.8
B-40-0.49‡ 105 24 3.68 1.84 4000 147 0.491 169 39.8 34.7
B-50-0.18 105 24 3.68 1.84 4000 184 0.177 63 42.9 16.7
B-50-0.31 105 24 3.68 1.84 4000 184 0.314 108 39.7 24.8
B-50-0.49 105 24 3.68 1.84 4000 184 0.491 165 36.6 31.8
2-05-.4fy 105 24 3.68 1.84 2000 18.4 0.314 157 87.1 45.6
2-05-.5fy 105 24 3.68 1.84 2000 18.4 0.314 195 92.2 47.4
5-05-.1fy 105 24 3.68 1.84 5000 18.4 0.314 57 105. 60.3
2-15-.4fy 105 24 3.68 1.84 2000 55.1 0.314 152 69.9 38.4
2-15-.5fy 105 24 3.68 1.84 2000 55.1 0.314 190 79.1 42.3
5-15-.1fy 105 24 3.68 1.84 5000 55.1 0.314 39 48.9 29.9
2-25-.4fy 105 24 3.68 1.84 2000 91.9 0.314 150 57.0 32.1
2-25-.5fy 105 24 3.68 1.84 2000 91.9 0.314 188 66.7 36.3
5-25-.1fy 105 24 3.68 1.84 5000 91.9 0.314 39 33.5 22.2
2-35-.4fy‡ 105 24 3.68 1.84 2000 129 0.314 148 51.0 28.7
2-35-.5fy‡ 105 24 3.68 1.84 2000 129 0.314 185 60.6 32.6
5-35-.1fy 105 24 3.68 1.84 5000 129 0.314 38 26.4 18.3
2-45-.4fy‡ 105 24 3.68 1.84 2000 165 0.314 147 48.0 27.3
2-45-.5fy‡ 105 24 3.68 1.84 2000 165 0.314 183 57.3 30.8
5-45-.1fy 105 24 3.68 1.84 5000 165 0.314 38 22.7 16.2
2-15-.7fy  105 24 3.68 1.84 2000 55.1 0.314 266 98.0 49.7
2-15-.8fy* 105 24 3.68 1.84 5000 55.1 0.314 299 105. 52.2
2-45-.7fy‡ 105 24 3.68 1.84 2000 165 0.314 257 76.8 38.2
2-45-.8fy‡ 105 24 3.68 1.84 5000 165 0.314 289 85.5 41.3
4-10-2k 105 24 3.68 1.84 4000 36.8 0.314 133 80.8 49.1
4-10-5k 105 24 3.68 1.84 4000 36.8 0.314 166 79.6 52.4
4-10-15k 105 24 3.68 1.84 4000 36.8 0.314 272 74.5 62.8
4-40-1k 105 24 3.68 1.84 4000 147 0.314 120 41.2 25.0
4-40-2k 105 24 3.68 1.84 4000 147 0.314 131 40.9 24.4
4-40-5k 105 24 3.68 1.84 4000 147 0.314 160 30.4 25.7
H-15-.7A 105 24 3.68 1.84 2000 55.1 0.314 152 70.0 37.9
H-15-.6A 105 24 3.68 1.84 2000 55.1 0.314 152 69.9 37.6
H-45-.7A‡ 105 24 3.68 1.84 2000 165 0.314 141 46.8 27.1
H-45-.6A‡ 105 24 3.68 1.84 2000 165 0.314 141 46.8 26.4
2-7-105 105 24 3.68 1.84 2000 28 0.314 113 80.3 42.4
2-21-105 105 24 3.68 1.84 2000 78 0.314 111 50.9 29.4
2-30-105 105 24 3.68 1.84 2000 112 0.314 110 43.9 25.9
2-40-105‡ 105 24 3.68 1.84 2000 145 0.314 109 40.4 24.8
2-49-105‡ 105 24 3.68 1.84 2000 178 0.314 108 37.6 23.1
3-3-105 105 24 3.68 1.84 3000 14 0.314 138 97.9 53.9
3-7-105 105 24 3.68 1.84 3000 28 0.314 114 95.8 52.5
3-21-105 105 24 3.68 1.84 3000 78 0.314 111 53.8 31.5
3-30-105 105 24 3.68 1.84 3000 112 0.314 110 45.6 26.6
3-40-105 105 24 3.68 1.84 3000 145 0.314 109 41.5 25.0
3-49-105 105 24 3.68 1.84 3000 178 0.314 108 39.6 23.7
4-7-130 130 24 3.68 1.84 4000 28 0.314 272 130. 70.3
4-21-130 130 24 3.68 1.84 4000 78 0.314 268 96.5 52.6
4-30-130 130 24 3.68 1.84 4000 112 0.314 265 87.5 47.0
4-40-130‡ 130 24 3.68 1.84 4000 145 0.314 273 85.9 45.2
4-49-130‡ 130 24 3.68 1.84 4000 178 0.314 281 85.8 44.3
4-7-234 234 24 3.68 1.84 4000 28 0.314 557 192. 95.0
4-21-234 234 24 3.68 1.84 4000 78 0.314 548 171. 84.0
4-30-234 234 24 3.68 1.84 4000 112 0.314 543 162. 77.3
4-40-234‡ 234 24 3.68 1.84 4000 145 0.314 537 158. 72.5
4-49-234‡ 234 24 3.68 1.84 4000 178 0.314 532 154. 68.9

      * Does not meet MSJC Section 4.3.3, ‡ Does not meet MSJC Section 3.3.5.3 assuming Pu=1.2Pv+1.2Apsfse 
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Table 2. Matrix of Simply Supported Walls with Unrestrained Tendons 
(1 ksi = =1000 psi = 6.89 MPa, 1 in. = 25.4 mm, 1 in.2 = 645.16 mm2, 1 kip-in. = 0.113 kN-m) 

 

Designation fpy  
(ksi) 

b  
(in.) 

t  
(in.) 

deff  
(in.) 

f’m  
(psi) 

L  
(in.) 

Aps  
(in.2) 

fse,m 
 (psi) 

fps,fea 
(ksi) 

Mn,fea 
(kip-in.) 

U-10-0.18 105 24 3.68 1.44 4000 36.8 0.177 64 87.3 24.8 
U-10-0.31 105 24 3.68 1.44 4000 36.8 0.314 112 80.7 37.6 
U-10-0.49 105 24 3.68 1.44 4000 36.8 0.491 173 75.3 51.4 
U-20-0.18 105 24 3.68 1.44 4000 73.5 0.177 63 59.6 18.4 
U-20-0.31 105 24 3.68 1.44 4000 73.5 0.314 108 55.5 26.3 
U-20-0.49 105 24 3.68 1.44 4000 73.5 0.491 171 53.2 36.3 
U-30-0.18 105 24 3.68 1.44 4000 110 0.177 65 50.4 15.8 
U-30-0.31 105 24 3.68 1.44 4000 110 0.314 110 46.4 21.6 
U-30-0.49 105 24 3.68 1.44 4000 110 0.491 172 44.6 30.4 
U-40-0.18 105 24 3.68 1.44 4000 147 0.177 64 44.9 14.3 
U-40-0.31 105 24 3.68 1.44 4000 147 0.314 109 41.6 19.7 
U-40-0.49‡ 105 24 3.68 1.44 4000 147 0.491 169 39.8 27.1 
U-50-0.18 105 24 3.68 1.44 4000 184 0.177 63 41.3 13.4 
U-50-0.31 105 24 3.68 1.44 4000 184 0.314 108 38.5 19.4 
U-50-0.49 105 24 3.68 1.44 4000 184 0.491 162 35.9 24.4 
2U05-.4fy 105 24 3.68 1.44 2000 18.4 0.314 157 86.7 42.8 
2U05-.5fy 105 24 3.68 1.44 2000 18.4 0.314 195 88.4 44.7 
5U05-.1fy 105 24 3.68 1.44 5000 18.4 0.314 57 105. 55.9 
2U15-.4fy 105 24 3.68 1.44 2000 55.1 0.314 152 69.4 30.2 
2U15-.5fy 105 24 3.68 1.44 2000 55.1 0.314 190 78.8 33.0 
5U15-.1fy 105 24 3.68 1.44 5000 55.1 0.314 39 49.1 24.5 
2U25-.4fy 105 24 3.68 1.44 2000 91.9 0.314 150 56.6 25.0 
2U25-.5fy 105 24 3.68 1.44 2000 91.9 0.314 188 66.3 28.0 
5U25-.1fy 105 24 3.68 1.44 5000 91.9 0.314 39 32.5 17.5 
2U35-.4fy‡ 105 24 3.68 1.44 2000 129 0.314 148 50.9 22.4 
2U35-.5fy‡ 105 24 3.68 1.44 2000 129 0.314 185 60.6 25.2 
5U35-.1fy 105 24 3.68 1.44 5000 129 0.314 38 26.0 14.5 
2U45-.4fy‡ 105 24 3.68 1.44 2000 165 0.314 147 47.6 21.1 
2U45-.5fy‡ 105 24 3.68 1.44 2000 165 0.314 183 57.2 23.8 
5U45-.1fy 105 24 3.68 1.44 5000 165 0.314 38 22.3 13.0 
2U15-.7fy 105 24 3.68 1.44 2000 55.1 0.314 266 97.4 38.1 
2U15-.8fy* 105 24 3.68 1.44 2000 55.1 0.314 299 105. 39.9 
2U45-.7fy‡ 105 24 3.68 1.44 2000 165 0.314 257 76.8 28.8 
2U45-.8fy‡ 105 24 3.68 1.44 2000 165 0.314 289 85.5 30.7 
4U10-2k† 105 24 3.68 1.44 4000 36.8 0.314 133 79.6 39.7 
4U10-5k† 105 24 3.68 1.44 4000 36.8 0.314 166 78.8 43.2 

4U10-15k† 105 24 3.68 1.44 4000 36.8 0.314 272 73.9 54.3 
4U40-1k† 105 24 3.68 1.44 4000 147 0.314 120 41.3 20.0 
4U40-2k† 105 24 3.68 1.44 4000 147 0.314 131 40.9 20.2 
4U40-5k† 105 24 3.68 1.44 4000 147 0.314 160 38.8 19.9 
HU15-.7A 105 24 3.68 1.44 2000 55.1 0.314 152 69.4 29.4 
HU15-.6A 105 24 3.68 1.44 2000 55.1 0.314 146 67.7 29.1 

*Does not meet MSJC Section 4.3.3,  
‡Does not meet MSJC Section 3.3.5.3 assuming Pu=1.2Pv+1.2Apsfse

 

 †Last sequence of digits in designation indicates external vertical load in kips 
 

 



 

TMS Journal December 2010  15 

Table 3. Matrix of Cantilever Walls with Restrained Tendons 
(1 ksi = =1000 psi = 6.89 MPa, 1 in. = 25.4 mm, 1 in.2 = 645.16 mm2, 1 kip-in. = 0.113 kN-m) 
 

Designation fpy  
(ksi) 

b  
(in.) 

t  
(in.) 

deff  
(in.) 

f’m  
(psi) 

L  
(in.) 

Aps  
(in.2) 

fse,m 
(psi) 

fps,fea 
(ksi) 

Mn,fea 
(kip-in.) 

2C7-105 105 24 3.68 1.84 2000 14 0.314 109 77.5 41.3 
2C21-105 105 24 3.68 1.84 2000 39 0.314 107 49.7 27.6 
2C30-105 105 24 3.68 1.84 2000 56 0.314 106 42.8 23.5 
2C40-105‡ 105 24 3.68 1.84 2000 72.5 0.314 106 39.1 20.9 
2C49-105‡ 105 24 3.68 1.84 2000 89 0.314 105 36.8 19.0 
3C7-105 105 24 3.68 1.84 3000 14 0.314 110 96.6 55.7 

3C21-105 105 24 3.68 1.84 3000 39 0.314 107 52.2 29.7 
3C30-105 105 24 3.68 1.84 3000 56 0.314 106 44.5 25.1 
3C40-105 105 24 3.68 1.84 3000 72.5 0.314 106 40.6 22.4 
3C49-105 105 24 3.68 1.84 3000 89 0.314 105 38.1 20.5 
4C7-130 130 24 3.68 1.84 4000 14 0.314 274 130. 74.9 

4C21-130 130 24 3.68 1.84 4000 39 0.314 271 96.8 53.9 
4C30-130 130 24 3.68 1.84 4000 56 0.314 270 89.0 48.6 
4C40-130‡ 130 24 3.68 1.84 4000 72.5 0.314 268 84.8 44.9 
4C49-130‡ 130 24 3.68 1.84 4000 89 0.314 267 82.2 41.7 
4C7-234 234 24 3.68 1.84 4000 14 0.314 559 201. 94.7 

4C21-234 234 24 3.68 1.84 4000 39 0.314 555 172. 88.0 
4C30-234 234 24 3.68 1.84 4000 56 0.314 552 165. 83.5 
4C40-234‡ 234 24 3.68 1.84 4000 72.5 0.314 549 161. 77.1 
4C49-234‡ 234 24 3.68 1.84 4000 89 0.314 546 158. 70.2 

                    ‡ Does not meet MSJC Section 3.3.5.3 assuming Pu=1.2Pv+1.2Apsfse 

 
Defining Nominal Moment Capacity 

 
The finite element studies indicated that all of the 

wall models studied could reach a strain on the 
compression face of the masonry exceeding the maximum 
useable values specified in US codes (i.e., єmu = 0.0025 
for concrete block and єmu = 0.0035 for clay brick (MSJC 
2008). However, the maximum deflection of the wall 
corresponding to the point when the maximum 
compressive strain was attained varied greatly. For 
instance, Wall B-10-0.18 is a simply-supported stocky 
wall with an aspect ratio (he/t) equal to 10, and it reached 
a maximum useable compressive strain at a mid-height 
lateral displacement of 1.05 in. (26.7 mm). On the other 
hand, Wall B-50-0.18, with an aspect ratio of 50, attained 
єmu at 12.3 in. (312 mm) of mid-height lateral 
displacement. On the basis of this observation, it was 
deemed that using the maximum useable compressive 
strain as the definition for nominal flexural strength was 
not practical for all walls, particularly slender walls.  
  

As an alternative, the nominal flexural capacity of the 
walls in the finite element studies was determined based 
upon a deflection limit. The MSJC provisions (2008) limit 
the horizontal mid-height deflection of a wall under 
service lateral and service axial loads to 0.007he. Since 
the MSJC Provisions do not address a deflection limit at 
nominal flexural strength, the deflection limit for service 
loads was amplified for loads at ultimate to define a 
practical and conservative deflection limit.  

 
Using the allowable deflection limit at service loads 

as defined for a wall subject to lateral and axial loads (i.e., 
0.007he = he/143), the maximum allowable deflection 
acceptable at ultimate flexural strength was defined using 
Equation 9. It was assumed that the effective load factor 
(Je) is that for wind loading (i.e., 1.6). The resulting limit 
on wall deflection at nominal capacity (i.e., vu,max) was not 
only practical, but also conservative.  

 

90143max,max,
ee

eseu
hh

vv    JJ  (9) 
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Table 4. Matrix of Experimental Tests on Simply Supported Walls  
(1 ksi = =1000 psi = 6.89 MPa, 1 in. = 25.4 mm, 1 in.2 = 645.16 mm2, 1 kip-in. = 0.113 kN-m) 

 

Source Designation fpu  
(ksi) 

b  
(in.) 

t  
(in.) 

d  
(in.) 

f’m  
(psi) 

L  
(in) 

Aps  
(in2) 

fse  
(ksi) 

fps,exp 
(ksi) 

Mn,exp 
(kip-in) 

RHL 1a,c 116 24.0 5.63 2.81 3970 76 0.44 41.5 65.2 81.0 
RHL 2a,c 116 24.0 5.63 2.81 3970 76 0.79 23.3 49.0 87.0 
RHL 3a,c 116 24.0 5.63 2.81 3970 76 0.79 24.2 42.6 82.1 
RHL 4a,c 116 24.0 5.63 1.89 3970 76 0.44 41.5 52.0 52.8 
MM K7a,b 256 40.6 7.09 3.54 1760 197 0.47 96.7 111. 200. 
MM K8a,b 256 40.6 7.09 3.54 1760 197 0.47 96.7 96.5 216. 
MM B11a,b 256 40.6 7.09 3.54 1550 102 0.47 96.7 99.9 400. 
MM B12a,b 256 40.6 7.09 3.54 1550 102 0.47 96.7 129. 285. 
MM B13a,b 256 40.6 7.09 3.54 1550 197 0.47 96.7 117. 258. 
MM B14a,b 256 40.6 7.09 3.54 1550 197 0.47 96.7 102. 311. 
GP 1F-GRa,b 79.4 31.5 5.91 2.95 2260 67 0.31 0 59.4 43.0 
GP 2F-GRa,b 79.4 31.5 5.91 2.95 2260 67 0.31 42.3 59.4 50.6 
GP 3F-GRa,b 90.7 31.5 5.91 2.95 2260 67 0.49 0 75.0 85.1 
GP 4F-GRa,b 90.7 31.5 5.91 2.95 2260 67 0.49 24.4 75.0 87.9 
GP 5F-Ga,b 79.4 31.5 5.91 2.95 2260 67 0.31 0 57.0 42.8 
GP 6F-Ga,b 79.4 31.5 5.91 2.95 2260 67 0.31 35.5 53.8 49.3 
GP 7F-Ga,b 90.7 31.5 5.91 2.95 2260 67 0.49 0 41.7 70.7 
GP 8F-Ga,b 90.7 31.5 5.91 2.95 2260 67 0.49 23.9 60.7 78.5 
GP 9F-Ga,b 90.7 31.5 5.91 2.95 2260 67 0.49 49.4 61.0 84.2 
GP 15F-Ga,b 90.7 31.5 5.91 2.95 2260 67 0.49 23.4 63.8 67.8 
GP 10F-UGa,b 79.4 31.5 5.91 2.24 2260 67 0.31 0 43.0 20.3 
GP 11F-UGa,b 79.4 31.5 5.91 2.44 2260 67 0.31 39.4 57.1 38.0 
GP 12F-UGa,b 90.7 31.5 5.91 1.55 2260 67 0.49 0 46.0 26.2 
GP 13F-UGa,b 90.7 31.5 5.91 2.36 2260 67 0.49 23.2 28.8 39.3 
GP 14F-UGa,b 90.7 31.5 5.91 2.51 2260 67 0.49 47.1 50.1 58.3 
GP 1S-GRa,b 79.4 31.5 5.91 2.95 2260 67 0.31 0 59.4 52.1 
GP 2S-GRa,b 79.4 31.5 5.91 2.95 2260 67 0.31 38.1 59.4 57.0 
GP 3S-GRa,b 90.7 31.5 5.91 2.95 2260 67 0.49 0 72.6 69.7 
GP 4S-GRa,b 90.7 31.5 5.91 2.95 2260 67 0.49 24.4 72.6 88.9 
GP 5S-Ga,b 79.4 31.5 5.91 2.95 2260 67 0.31 35.7 59.4 52.3 
GP 6S-Ga,b 90.7 31.5 5.91 2.95 2260 67 0.49 24.1 72.6 84.1 
GP 7S-Ga,b 90.7 31.5 5.91 2.95 2260 67 0.49 46.6 75.0 92.7 
GP 8S-UGa,b 79.4 31.5 5.91 2.79 2260 67 0.31 37.1 54.3 42.8 
GP 9S-UGa,b 90.7 31.5 5.91 2.48 2260 67 0.49 24.2 43.7 44.1 
GP 10S-UGa,b 90.7 31.5 5.91 2.52 2260 67 0.49 47.1 58.7 68.3 
LD w3-10-0a,b 150.0 47.2 3.54 1.77 4640 106 0.85 15.0 19.7 31.0 

BSD PC1-35-Ua,c 125.0 31.6 3.64 0.94 1860 139 0.08 37.0 37.3 6.0 
BSD PC2-75-Ua,c 125.0 31.6 3.64 1.01 1860 139 0.17 36.2 36.8 9.5 
BSD PC3-150-Ua,c 125.0 31.6 3.64 1.07 1860 139 0.31 39.5 40.1 13.9 
BSD PC4-35-Ra,c 125.0 31.6 3.64 1.82 1860 139 0.08 36.6 37.0 6.8 
BSD PC5-75-Ra,c 125.0 31.6 3.64 1.82 1860 139 0.17 35.8 37.8 13.0 
BSD PC6-150-Ra,c 125.0 31.6 3.64 1.72 1860 139 0.31 39.2 47.4 22.0 
BSD PB1-35-Ua,b 125.0 31.6 3.44 0.94 3920 139 0.08 35.2 35.4 9.0 
BSD PB2-75-Ua,b 125.0 31.6 3.44 1.01 3920 139 0.17 34.6 35.0 14.5 
BSD PB3-150-Ua,b 125.0 31.6 3.44 1.07 3920 139 0.31 37.9 38.4 18.7 
BSD PB4-35-Ra,b 125.0 31.6 3.44 1.69 3920 139 0.08 34.6 36.6 9.2 
BSD PB5-75-Ra,b 125.0 31.6 3.44 1.71 3920 139 0.17 34.4 36.4 13.9 
BSD PB6-150-Ra,b 125.0 31.6 3.44 1.68 3920 139 0.31 38.0 40.7 22.3 
KDT TPIUG1b 120.0 36.0 3.63 1.06 2850 72 0.310 61.3  24.6 
KDT TPIUG2b 120.0 36.0 3.63 1.06 2850 72 0.310 61.3  26.6 
KDT TPIUG3b 120.0 36.0 3.63 1.06 2850 72 0.310 61.3  23.3 
KDT TPIG1b 120.0 36.0 3.63 1.81 2850 72 0.310 61.3  45.2 
KDT TPIG2b 120.0 36.0 3.63 1.81 2850 72 0.310 61.3  44.3 
KDT TPIG3b 120.0 36.0 3.63 1.81 2850 72 0.310 61.3  44.6 
AN 2 x 1 pstc 235.0 48.0 7.63 3.81 2670 96 0.16 200.0  156.0 
AN 2 x 2 pstc 235.0 48.0 7.63 3.81 2670 96 0.32 200.0  264.0 
AN 6 x 1 pstc 235.0 48.0 7.63 3.81 2670 96 0.48 200.0  389.0 
AN 6 x 2 pstc 235.0 48.0 7.63 3.81 2670 96 0.96 200.0  641.0 
DA PWM1c 120.0 47.2 5.51 2.76 2990 118 0.61 22.0  68.0 
DA PWM2c 120.0 47.2 5.51 2.76 2990 118 0.61 29.3  75.2 
DA PWM3c 120.0 47.2 5.51 2.76 2990 118 0.61 36.6  84.7 
DA PWM4c 120.0 47.2 5.51 2.76 2990 118 0.61 44.0  96.2 
DA PWB1c 120.0 47.2 7.48 3.74 2810 118 0.61 22.0  96.2 
DA PWB2c 120.0 47.2 7.48 3.74 2810 118 0.61 29.3  121.7 
DA PWB3c 120.0 47.2 7.48 3.74 2810 118 0.61 36.6  138.1 
DA PWB4c 120.0 47.2 7.48 3.74 2810 118 0.61 44.0  156.2 

aDenotes specimens for which bar force at flexural capacity was reported. bDenotes clay masonry specimens. 
cDenotes concrete block masonry specimens. 
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For the majority of the walls in this finite element study, the 
deflection limit was reached before the maximum 
compressive strains attained the maximum useable values 
specified by MSJC 2008. The average computed value for 
maximum compressive strain in the masonry was 58% of the 
MSJC 2008 limit, with a standard deviation that was 43% of 
the mean value. Of the 127 finite element wall analyses, only 
14 walls exceeded the useable compressive strain limits 
specified in MSJC 2008, and only 5 of the wall models 
exceeded these limits by more than 50%. Moreover, those 
walls that exceeded the strain limits were stocky walls (he /t 
<10), which had a large strain gradient from flexure, and, 
therefore, a greater capacity for redistribution.  
 
Change in Tendon Stress 
 

The deflection limit defined in Equation 9 to define 
nominal flexural strength, enabled calculation of the tendon 
stress changes (Δ fps = fps – fse) from the responses computed 
from the finite element analysis of each wall. These values 
are compared to the stress changes implicit in the 2008 
MSJC (Equation 7), 2002 MSJC (Equation 5), CSA 2004 

(Equation 2), and the Wight (2006) (Equation 8) formulas 
for tendon stress at nominal moment capacity. The calculated 
increase in tendon stress, calcpsf ,' , beyond the initial 
effective stress, fse, is compared to the increase in tendon 
stress, feapsf ,' , from the finite element results. This ratio is 
shown for the simply supported walls with restrained 
tendons (FEA-SS-R), the simply supported walls with 
unrestrained tendons (FEA-SS-UR), and the cantilever walls 
with restrained tendons (FEA-C-R) in Figure 2.  

 
For simply supported walls with restrained tendons 

(FEA-SS-R), the MSJC 2008 formula (Figure 2a) is seen 
to provide reasonable estimates of tendon stress increase 
for walls with a moderate aspect ratio. However, for low 
walls with aspect ratios (i.e., he/t < 10) and high aspect 
ratios (i.e., he/t > 30), the MSJC 2008 formula tends to 
overestimate the tendon stress increase. Overall, the 
MSJC 2008 has an average value for feapscalcps ff ,, ''  
of 1.02 and a coefficient of variation (COV) equal to 
0.75 for simply supported walls with restrained tendons.  
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Figure 2 — Comparison of Calculated-to-Finite Element Analysis Increase in Tendon Stress 
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When the authors developed the MSJC 2008 formula, 
experimental data on cantilever walls was not available, 
and for the range of aspect ratios between 10 and 30, the 
MSJC 2008 performed well for simply supported walls 
(Bean and Schultz 2003). 
  

For simply supported walls with unrestrained tendons 
(FEA-SS-UR), the MSJC 2008 (Figure 2a) systematically 
underestimates the increase in tendon stress (average 
value for feapscalcps ff ,, ''  = 0.45, COV = 0.20). For the 
cantilever walls with restrained tendons, the stress 
increase for a few of the walls was overestimated 
( feapscalcps ff ,, '!' ), but for the majority of cases 

accuracy was high (average feapscalcps ff ,, '' = 0.91, 
COV = 0.14).  
   

The tendon stress increase was also estimated using 
the MSJC 2002 formula (Figure 2b). When using the 
2002 MSJC design provisions, the tendon stress at 
nominal flexural strength for walls with unrestrained 
tendons was commonly assumed to be equal to the 
effective stress in the tendon prior to lateral loading (i.e., 
Δfps ≈ 0 so fps ≈ fse). Therefore, a comparison of psf'  
values is not shown for the walls with unrestrained 
tendons (FEA-SS-UR). Estimates of tendon stress 
increases using the MSJC 2002 formula for walls with 
restrained tendons exhibit excessive conservatism 
(average feapscalcps ff ,, ''  = 0.08 and COV=0.86) for the 
simply supported walls with restrained tendons (FEA-SS-
R), as well as for the cantilever walls (FEA-C-R) with 
restrained tendons average (average feapscalcps ff ,, '' = 
0.06 and COV=0.21). 
  

The CSA 2004 formula (Figure 2c) provides very good 
approximations to the finite element results. The average 
values for feapscalcps ff ,, ''  was 0.98 (COV = 0.88) and 
0.80 (COV = 0.26), respectively, for the simply supported 
walls with restrained tendons and the cantilever walls with 
restrained tendons. Noting that the CSA 2004 formula is 
not intended for walls with unrestrained tendons, this 
formula is observed to perform about as well as the MSJC 
2008 formula (Figure 2a) if the latter is restricted to cases 
of restrained tendons (FEA-SS-R and FEA-C-R).  

 
Comparisons using Equation 8, the formula proposed 

by Wight (2006) for shear walls, were also made to the 
finite element results (Figure 2d). Because this formula 
was developed for walls with restrained tendons, 
comparison was not made to walls with unrestrained 
tendons. For stocky walls (i.e., he/t < 10), the tendon 
stress change estimated using Wight’s formula is 
overestimated in most cases. Furthermore, 

feapscalcps ff ,, ''  is observed to increase with increasing 
values of aspect ratio, with the ratio of stress change 
taking on values as large as 7.8 (not shown in Figure 2d to 
maintain consistency in graph scales). The average 

feapscalcps ff ,, ''  was 1.94 (COV=1.28) and 1.25 
(COV=0.74), for simply-supported walls and cantilever 
walls, respectively.  
 
Total Tendon Stress 
 

The performance of the various code formulas for 
total tendon stress at nominal flexural capacity, fps, was 
evaluated separately from that for tendon stress change, 
Δfps, because the magnitude of error in the latter is less 
important than in the former given the presence of fse (i.e., 
fps = fse + Δfps). The estimated tendon stress at nominal 
flexural strength, fps,calc, was also compared to the results 
from the finite element analyses, fps,fea, where the ratio 

fea,pscalc,ps ff  is defined as the total stress calculated 

using the code formula (fps,calc = fse + 'fps,calc) to the total 
stress obtained from the finite element analysis (fps,fea = fse 
+ 'fps,fea). The effective tendon stress, fse, was assumed to 
be identical for both of these cases. 

 
The tendon stress formula in the 2008 edition of the 
MSJC design provisions is generally conservative 
regardless of the tendon restraint condition and support 
condition (Figure 3a). The average feapscalcps ff ,,  was 
0.96 (COV=0.05), 0.97 (COV=0.08), and 0.79 
(COV=0.14), respectively, for the cantilever walls, simply 
supported walls with restrained tendons, and simply 
supported walls with unrestrained tendons.  
  

The 2002 MSJC design provisions also provides 
conservative estimates of the tendon stress at nominal 
flexural strength (Figure 3b), but higher variance is noted. 
The average feapscalcps ff ,,  was 0.69 (COV=0.27), 0.63 
(COV=0.31), and 0.76 (COV=0.22), respectively, for the 
cantilever walls, simply supported walls with restrained 
tendons, and simply supported walls with unrestrained 
tendons. The MSJC 2008 formula (Figure 3a) provides a 
marked improvement over the 2002 MSJC expression 
(Figure 3b) by way of smaller variations (i.e., lower COV) 
and closer predictions (average ratios closer to unity).  

 
The CSA 2004 expression (Figure 3c) exhibits very 

good approximations of the tendon stress at nominal 
flexural strength. The average feapscalcps ff ,,  was 0.96 
(COV=0.08) and 0.95 (COV=0.08) for the simply 
supported walls and cantilever walls, respectively. It is 
noted, once again, that this formula is not intended for 
walls with unrestrained tendons, and such stresses prove 
to be the most difficult to estimate accurately.  

 
The equation proposed by Wight (2006) provides 

reasonable estimates of the tendon stress at nominal 
moment strength for walls with low aspect ratios (Figure 
3d). For some of the stocky walls (he/t < 10), the 
prediction is better than that of the MSJC 2008 or the 
CSA 2004 formulas. However, the tendon stress at peak 
moment capacity was grossly overestimated for 
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moderately slender walls (20 ≤ he/t ≤ 30) and slender 
walls (he/t ≥ 30). This expression was developed on the 
basis of finite element simulations of the response of low-
rise shear walls, which, generally, have an aspect ratio 
less than 10 and, in some cases, even smaller than 5. 

 
PROPOSED TENDON STRESS FORMULA 

 
Based on the preceding comparisons to tendon stress 
response computed using finite element analysis, the 
following conclusions are made: (1) the MSJC 2002 
formula was found to grossly underestimate tendon stress 
increase; (2) the CSA 2004 formula provided some of the 
most accurate results with the smallest variability, but this 
formula is intended for use with restrained tendons only; 
(3) the formula proposed by Wight (2006) was 
determined to be inappropriate for walls with moderate to 
high aspect ratios (he/t ≥ 20); and (4) the MSJC 2008 
tendon stress formula was observed to be generally 
conservative, but it exhibited large variance (i.e., COV up 
to 0.75) for walls with low (i.e., he/t < 10) and high (i.e., 
he/t > 30) aspect ratios. Thus, the MSJC 2008 tendon 
stress formula could benefit from modifications to 

increase accuracy and decrease variance for all types of 
tendon restraints and wall aspect ratios. Consequently, a 
modification to the MSJC 2008 expression was 
developed, based on principles of structural mechanics, 
for calculating the tendon stress at nominal flexural 
strength for walls subject to out-of-plane loading. 
 
Development of Proposed Tendon Stress Formula 
 

The change in stress ' fps for an unbonded tendon is 
a function of the total change in length, pG , of the 
masonry adjacent to the tendon (Figure 4a). This change 
in length produces an average change in strain psH'  that 
is constant over the length lp of the tendon given that the 
tendon is both unbonded and straight. If the steel is 
assumed to have a linear, elastic stress-strain relation, 
then the change in tendon stress can be expressed as: 
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Figure 3 — Comparison of Calculated-to Finite Element Analysis Total Tendon Stress at Nominal Flexural Strength 
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a) Tendon Deformation       b) Sectional Response 

 
Figure 4 — Schematic of Assumed Tendon Deformation and Corresponding Sectional Response 

 
The tensile deformation (i.e., extension) pG  of the 

masonry adjacent to the tendon, accumulated over the 
length lp of the tendon, can be computed from the total 
compression deformation (i.e., shortening) oG  of the 
masonry along the compression face. From 
proportionality of the deformation distribution in Figure 
4a, the change in tendon stress can be expressed as: 
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The British formula and the 2008 MSJC expression 

include an approximation made by Phipps (1992) concerning 
the shortening of the masonry after an observation made by 
Pannell (1969) regarding post-tensioned concrete beams with 
unbonded tendons. Pannell assumed that the compression 
strain along the length of the member was concentrated over 
a portion of the length equal to the neutral axis depth c, and 
that the compression strain in this region was equal to the 
maximum useable strain, cuH , for the concrete. When 
Phipps applied this observation to masonry flexural 
members, he used the maximum useable strain for masonry, 

muH , and he calculated the total shortening of the 
compression fiber as cmuo HG  . In the present derivation, 
the amount of shortening along the compression face of the 
masonry is modified using a compression shortening factor, 
< , which incorporates the longitudinal variation in masonry 
compression strain in this region. It enables the total 
shortening deformation to be calculated as δo = єmu ψ c. It is 
further recognized here that the maximum compressive strain 
in the masonry, єm, is not equal to the code-specified 
maximum useable strain, єmu, when the nominal flexural 

strength of the wall, Mn, is defined using the deflection 
criterion given by Equation 9. Using the strain єm, which is, 
on the average, equal to 58% of єmu for the walls in the finite 
element database, Equation 11 can be expressed as follows: 

  
� �cdeffmp �< HG  (12) 

 
and the compression shortening factor, ψ, is determined 
empirically as described below. 

 
The neutral axis depth, c, can be obtained from 

equilibrium of internal masonry compression force (Cm) 
and prestressing steel tension force (Tps) as depicted in 
Figure 4b and as noted in Equation 4. In the British 
formula and 2005 MJSC formula (both represented by 
Equation 5), the implicit compression stress block 
parameters for the masonry were D = 0.5 and E = 1. 
However, the stress block parameters stipulated in the 
2008 MSJC Provisions, (i.e., D = E  = 0.8) are used here 
to define the neutral axis depth. 
  

If Equations 10 - 12 are combined and simplified, the 
change in tendon stress reduces to Equation 13. Note, 
external axial loads (including self-weight), Pv, were 
included in the definition of the neutral axis depth in 
Equation 4 and the last term of Equation 3. External axial 
loads were not included in British or MSJC 2008 
formulas because they are not a common occurrence in 
most of the lightly-loaded walls that can benefit most 
from post-tensioning. 
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Analysis of the finite element database was 
conducted to isolate the compression shortening factor, ψ. 
This factor was found to vary between values of 5 and 
140 depending upon the material and geometric 
parameters defining the wall (i.e., wall height, width and 
thickness, masonry compressive strength, and tendon 
tensile force at yield). The data for ψ from the finite 
element database is shown in Figure 5a against a 
dimensionless parameter defined to characterize the 
material and geometric features of the walls. A lower 
bound for the data shown in Figure 5 is given by 
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Figure 5 — Compression Shortening Factor < from 
Finite Element Database 

 
Similar analysis of the finite element database was 
conducted to define the maximum compressive strain in 
the masonry, єm, at nominal flexural strength, Mn, where 
the latter was defined at the deflection limit given by 
Equation 9. The data for єm is shown in Figure 6, and a 
lower bound for the data is given by Equation 15 which is 
an inverse relation of the same dimensionless parameter 
in Equation 14 for ψ: 
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Since the function for the lower bound for masonry 
compression strain, єm, and the compression shortening 
factor, ψ, are inverse and proportional relationships, 
respectively, of the same dimensionless parameter, their 
product is a constant value equal to 0.03 (Bean Popehn 
2007). 
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Figure 6 — Maximum Compressive Strain in Masonry 
Hm from Finite Element Database 

 
Substituting the constant 0.03 for the product єmψ in 

Equation 13 for Δfps and adding  
 

the effective prestress, fse, gives the proposed formula for 
total tendon stress, fps (Equation 16). 
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Note, the tendon stress at nominal flexural capacity (fps) 
that is being sought appears on both sides of Equation 16. 
For simplification purposes when faced with this 
situation, the British and the 2008 MSJC formulas 
replaced fps in the bracketed term with the largest value 
allowed for tendon stress, namely 0.7fpu (Phipps 1992). In 
the proposed formula, the numerator of the stress block is 
left in terms of the unknown value for fps. The modulus of 
elasticity of the steel (i.e., Eps = 29,000 ksi = 200 MPa) 
may also be substituted into Equation 16 for 
simplification, as was done for the British and 2008 
MSJC formulas. However, in the proposed equation, this 
remains a variable to be supplied by the designer.  
 
Effective Depth for Walls with Unrestrained Tendons 
 
In the current 2008 MSJC provisions, two equations, one 
for walls with restrained tendons and one for walls with 
unrestrained tendons, are given to calculate the tendon 
stress at nominal strength. These two equations are 
identical except for the coefficient F in Equation 7. In the 
proposed equation, the mechanism for tendon stress 
increase is the same for restrained and unrestrained 
tendons, and the difference in tendon stress at nominal 
flexural capacity arises from differences in effective depth 
for the restrained and unrestrained tendon cases. 
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The 2008 MSJC provisions also address the effective 
depth of unrestrained tendons. This distance, which spans 
from the extreme compression fiber to the centroid of 
post-tensioning steel, changes as the wall is loaded and 
the tendon moves relative to the masonry as the wall 
deflects laterally. The limit condition, when the wall has 
undergone large lateral deflections, is for the tendon to 
come into contact with the inside surface of the masonry 
cavity. For walls with unrestrained tendons, the depth deff 
is defined as follows:  
 

pbfeff ddtd �� 
2
1

max   (17) 
 
Based on the present analysis of the experimental database, 
not shown here for brevity, it is recommended that the 
allowance for protrusions within the cavity, dp, be changed 
from the current 2008 MSJC specified value of 1/2 in. (12 
mm) to a smaller value of 3/8 in. (9.5 mm) (Bean Popehn 
2007). This dimension accounts for mortar projections into 
the cavities of the wall, tendon surface deformations and 
couplers, and any other protrusions between the tendons 
and the inside surface of the masonry cavities. The 
significance of this dimension is that it increases the 
effective depth of walls with unrestrained tendons.  
 
Comparisons to the Experimental and Finite Element 
Database 
 

The proposed tendon stress expression (Equation 16) 
was used to calculate the change in tendon stress, Δfps,calc, 
and the total tendon stress, fps,calc, at nominal moment 
capacity for the walls in the finite element databases. The 
ratios for feapscalcps ff ,, ΔΔ  and feapscalcps ff ,,  are 
shown in Figure 7. Compared with the performance of the 
MSJC 2008 formula for stress changes (Figure 2a) and total 
tendon stresses (Figure 3a), an improvement in both 
accuracy and variance is observed, especially for the walls 
with unrestrained tendons 

 

The proposed tendon stress formula (Equation 16) 
and the MSJC 2008 formula (Equation 7) were also used 
to calculate the tendon stresses for the walls in the 
experimental database. The effective depth, deff, for the 
experimental walls with unrestrained tendons was 
calculated using Equation 17. Statistical information on 
the ratios of calculated-to-experimental tendon stresses is 
reported in Table 5. Table 5 also includes statistical data 
for the comparison of calculated-to-finite element tendon 
stress ratios. Data for the CSA 04 formula (Equation 2) 
and the Wight formula (Equation 8) are also given for the 
walls with restrained tendons. 

 
Table 5 indicates that the proposed formula provides 

better estimates of tendon stress at nominal moment 
capacity, fps, than the 2008 MSJC formulas in two of the 
four cases considered. These cases have been italicized in 
Table 1 (restrained tendons-experimental walls, restrained 
tendons-FE walls, unrestrained tendons-FE walls). 
Performance here is relevant to tendon stress predictions 
made during design, so it is defined in relation to the “mean 
plus one standard deviation” (e.g., P + σ), which should be 
as close to unity as possible without exceeding it (i.e., P + σ 
should be maximized as long as it does not exceed unity, 
and it should be minimized if it exceeds unity). For the 
unrestrained-FE walls case, the proposed formula provides 
the same mean (e.g., 0,84) as the CSA 2004, but the COV 
is smaller, which yields a more conservative mean plus one 
standard deviation when compared to the CSA 2004 
results. In the unrestrained tendons-experimental walls 
case, the differences between the proposed and 2008 MSJC 
formulas are very small. It is noted that the experimental 
data of walls with unrestrained tendons is highly variable, 
and although the P+ σ values are greater than unity for the 
tendon stress, these values lead to conservative estimates of 
moment capacity.  
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 (a) Tendon Stress Change  (b) Total Tendon Stress 

 
Figure 7 — Tendon Stress Ratios Computed using the Proposed Formula (Equation 14) 
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The CSA 2004 expression is similar in form to the 
proposed formula: it provides a very good approximation 
of the tendon stress at nominal flexural strength (Table 5), 
but does not include provisions for walls with 
unrestrained tendons. When the formula was used to 
calculate the tendon stress at nominal moment capacity 
for walls with unrestrained tendons, for comparison 
purposes only, the results were very good for walls in the 
finite element database and reasonable for the 
experimental walls.  
  

When comparing the formulas to the entire database 
of walls with restrained tendons and walls with 
unrestrained tendons, the proposed formula provides the 
best estimates of tendon stress for the experimental walls, 
as well as the walls in the finite element database. The 
MSJC 2008 formula also provides reasonable 
approximations, with the proposed formula giving slightly 
more conservative results. The CSA 2004 also gives good 
estimates of the tendon stress at nominal capacity for the 
finite element walls, but yields higher estimates for the 
walls in the experimental database. 

 
The formula proposed by Wight (Equation 8) 

provides reasonable estimates of the tendon stress at 
nominal moment strength for stocky walls with low 
aspect ratios (he/t < 10). However, the tendon stress at 
peak moment capacity was grossly over-predicted for 
moderate (20 ≤ he/t ≤ 30) and slender walls (he/t ≥ 30). 

Emphasis is made on Wight’s objective with this 
expression, which was the prediction of tendon stresses in 
low-rise shear walls, which, generally, have an aspect 
ratio less than 10 and may be smaller than 5. 
 
PREDICTING NOMINAL MOMENT 
CAPACITY 

 
The nominal moment capacity, Mn, was calculated 

using Equation 18, which is intended for sections with 
uniform width (b) and concentric prestressing tendons 
(Aps, fpy), reinforcement (As, fy), and axial load (Pv). 
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For other configurations, the nominal moment capacity 
should be determined using principles of static 
equilibrium. In using Equation 18 for walls with an 
unrestrained tendon, the depth deff is defined with 
Equation 17. Whereas, for walls with restrained 
concentric post-tensioning, which is the most likely 
application, the effective depth, deff, is equal to one-half of 
the wall thickness, t. Also, the depth of the compression 
stress block, a, was computed using Equation 4. 
  

 
 

Table 5. Comparison of Statistics for Tendon Stress fps at Nominal Moment Capacity  
 

Tendon  
Condition 

Calculated* vs. Experiment Calculated* vs. FEA 
formula mean COV P���V� formula Mean COV P���V�

Restrained 

MSJC 2008 0.99 0.23 1.21 MSJC 2008 0.96 0.07 1.03 
proposed 0.93 0.26 1.17 proposed 0.93 0.09 1.01 

Wight 1.37 0.63 2.23 Wight 1.20 0.54 1.85 
CSA 04 0.99 0.23 1.22 CSA 04 0.95 0.08 1.03 

Unrestrained 

MSJC 2008 1.02 0.27 1.30 MSJC 2008 0.79 0.14 0.91 
proposed 1.06 0.24 1.31 proposed 0.84 0.12 0.94 
Wight‡ 1.72 0.43 2.45 Wight‡ 1.28 0.68 2.15 

CSA 04‡ 1.16 0.30 1.51 CSA 04‡ 0.84 0.17 0.98 

Both 

MSJC 2008 1.00 0.24 1.23 MSJC 2008 0.91 0.13 1.03 
proposed 0.97 0.25 1.21 proposed 0.90 0.11 1.00 
Wight‡ 1.49 0.56 2.31 Wight‡ 1.23 0.59 1.96 

CSA 04‡ 1.05 0.26 1.32 CSA 04‡ 0.92 0.13 1.03 
*Calculated using one of the formulas listed,  
‡ For comparison only, formulas not intended for walls with unrestrained tendons. 
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Table 6. Comparison of Statistics for Nominal Moment Capacity Mn 
 

Tendon  
Condition 

Calculated* vs. Experiment Calculated* Formula vs. FEA 
formula mean COV P���V� formula mean COV P���V�

Restrained MSJC 2008 0.96 0.18 1.14 MSJC 2008 0.90 0.10 0.99 
proposed 0.92 0.20 1.11 proposed 0.87 0.12 0.97 

Unrestrained MSJC 2008 0.75 0.29 0.97 MSJC 2008 0.71 0.19 0.84 
proposed 0.76 0.26 0.95 proposed 0.75 0.17 0.87 

Both MSJC 2008 0.91 0.23 1.12 MSJC 2008 0.83 0.17 0.97 
proposed 0.88 0.23 1.08 proposed 0.83 0.15 0.95 

*Calculated using one of the formulas listed 
 
 

Table 6 provides a summary of statistical data on the 
feancalcn MM ,,  and expncalcn MM ,,  ratios for nominal 

moment capacity using both the proposed formula 
Equation 6 and the MSJC 2008 formula (Equation 7). 
Table 6 indicates similar performance from the proposed 
and 2008 MSJC tendon stress formulas. Evaluation is 
achieved relative to the “mean plus one standard deviation” 
(P σ). The proposed formula is observed to provide better 
nominal moment performance for the cases of restrained 
tendons-experimental walls and unrestrained tendons-FE 
walls, whereas, the 2008 MSJC formula is conducive to 
better nominal moment performance in the cases of 
unrestrained tendons-experimental walls and restrained 
tendons-FE walls. When comparisons are made between 
the proposed and MSJC 2008 formulas over the entire 
database of walls, the proposed formula provides better 
estimates for the experimental database, and slightly more 
conservative results for the finite element data.  

 
The statistical data reported in Tables 5 and 6 

indicates that the proposed formula (Equation 16) 
successfully provides a unified approach to tendon stress 
estimates in unbonded tendons that are either restrained or 
unrestrained laterally. The proposed formula is more 
accurate than the 2008 MSJC formulas in many cases, and 
the differences are very small for the other cases. 
 
 
SUMMARY AND CONCLUSIONS 

 
This paper reviews design formulas available 

worldwide for the calculation of tendon stress at nominal 
flexural strength for post-tensioned masonry walls. Finite 
element results were compared to calculated values from 
the current provisions used in the United States (MSJC 
2008), previous versions of the MSJC (which are similar 
expressions to the Australian (AS 2001) and British 
formulas (BS 2000), Canadian design provisions (CSA 
2004), and a formula developed in New Zealand for post-
tensioned shear walls (Wight 2006).  

 

Upon computing the change in tendons stress, psf' , 
the MSJC 2008 formula was found to be generally 
conservative, but large variance (i.e., COV up to 0.75) 
was noted in walls with low (i.e., he/t < 10) and high (i.e., 
he/t > 30) aspect ratios. This variance was smaller when 
comparisons were made for the total tendon stress, fps, at 
nominal flexural strength (i.e., COV of 0.14). The MSJC 
2002 was shown to provide excessively conservative 
estimates of the increase in tendon stress. The CSA 2004 
equation provided very good results with small variation 
of the tendon stress at nominal flexural strength, but it is 
limited to restrained tendons. The equation proposed by 
Wight (2006) was shown to provide conservative 
estimates for stocky walls (i.e., he/t < 10), but was not 
reasonable for moderately slender and slender walls. 

 
Using principles of structural mechanics, a tendon 

stress formula (Equation 16) was developed for predicting 
the tendon stress at nominal flexural strength for post-
tensioned masonry walls. Equation 16 was shown to be 
generally conservative over a broad range of variables 
including the aspect ratio, reinforcement ratio, magnitude 
of effective prestress, external axial loads, material 
properties, tendon restraint conditions, and support 
conditions. Moreover, this formula offers one expression 
to predict the tendon stress for restrained and unrestrained 
tendons, as well as simply-supported and cantilever walls. 
Thus, Equation 16 is proposed as the best alternative for 
estimating tendon stresses in post-tensioned masonry 
walls with unbonded tendons and which are loaded out-
of-plane.  
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NOTATIONS 
 

Aps  = area of the prestressing steel 
As  = area of the reinforcing steel 
a = depth of equivalent rectangular stress block 
b = width of the cross-section 
c = distance from extreme compression fiber to 

neutral axis 
db  = diameter of post-tensioning bar  
deff  = distance from the extreme compression fiber 

to centroid of tension reinforcement 
dp  = allowance for protrusions between the 

tendon and inside surface of masonry   
Eps  = modulus of elasticity of post-tensioned steel 
f′m  = specified compressive strength of masonry 
fse  = effective stress in tendon after all prestress 

losses have occurred 

fps  = tensile stress in prestressing tendon at 
nominal flexural strength 

fpu  = ultimate tensile strength of prestressing steel 
fpy  = tensile yield strength of prestressing steel 
fy  =     tensile yield strength of reinforcing steel 
he = effective wall height 
lp  = unbonded length of prestressing steel 
Mn  = nominal moment capacity 
np = number of plastic hinges required to develop 

a failure mechanism in the span 
 considered 

Pv  = external vertical load producing axial 
compression on the masonry 

tf,max  = maximum face-shell thickness  

max,sv  = maximum allowable mid-height lateral 
deflection at service 

max,uv  = maximum allowable mid-height lateral 
deflection at ultimate 

D  = parameter used to define the magnitude of 
an equivalent rectangular stress block 

E  = parameter used to define the width of the 
equivalent rectangular stress block 

F  = parameter dependent upon restraint 
condition (i.e., 700,000 for laterally 
unrestrained unbonded tendons, 1,000,000 
for laterally restrained unbonded tendons) 

psH'  = average change in axial strain of the 
prestressing steel 

oG  = compressive deformation of the masonry 
along the compression face 

pG  = tensile deformation of the masonry adjacent 
to the steel 

mH  = maximum compressive strain in masonry 

muH  = maximum useable compressive strain 
specified by design code 

eJ  = effective load factor 

<  = compression shortening factor  
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Effective Shear Design of Reinforced Masonry Beams 
 

Salah R. Sarhat1 and Edward G. Sherwood2 
 
INTRODUCTION 
 

Ensuring that brittle construction materials have 
adequate shear strength is a critical aspect of structural 
design. This is particularly true for reinforced concrete 
(RC) and reinforced concrete masonry (RCM) beams 
without stirrups as shear failures in these elements can be 
brittle and sudden, occurring with little or no warning, 
with possibly catastrophic results (see, for example, 
Figure 1).  
 

 

Figure 1 — Brittle Shear Failure of 300mm Thick 
Concrete Member Without Stirrups  
 

A well-designed beam should be critical in flexure 
rather than shear. In such a beam, engineers can expect 
considerable warning of imminent structural failure as the 
steel will yield, resulting in wide cracks and large 
deformations. Furthermore, strain hardening and 
membrane action may result in actual flexural failure 
loads in excess of those expected. No such warning or 
hidden factors of safety exist for shear failures of 
elements without stirrups, however. As such, designers 
must rely on code provisions to design beams with 
adequate safety against shear failure. These provisions 
must thus be accurate, rational and safe. This is certainly 
true for masonry since RCM beams are often designed 
without web reinforcement as it is difficult to place 
(Dhanasekar and Wong 2001).  
 
 

 

The objective of this paper is to analyze shear design 
provisions of current masonry codes for RCM beams to 
assess their safety and predictive capabilities. The four 
codes include: CSA S304.1-04 (Canada), TMS 402-08 
(US), AS 3700-2001 (Australia), and BS 5628-2:2005 
(UK). As the similarity of reinforced masonry and 
reinforced concrete beams is widely appreciated 
(Drysdale and Hamid 2005), a fifth set of shear design 
provisions was chosen – the general method of shear 
design from the CSA A23.3-04 code for reinforced 
concrete (CSA Committee A23.3 2004). 
 
SHEAR DESIGN METHODS FOR RCM 
BEAMS 
 
TMS 402-08 (US) 
 

The nominal shear strength provided by masonry is 
computed using Equation 1 (in psi units): 
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Where: 
 
Mu/Vudv = a/d for point-loaded beams, and need not be 

greater than 1.0, 
An = net cross-sectional area of beam (taken as 

bwd), 
bw = the width of the beam, 
d = effective depth of the beam (distance from 

extreme compression fibre to centroid of 
longitudinal tensile steel), and 

f’m = masonry compressive strength. 
 

For slender beams with a/d > 2.5 the formula can be 
simplified to the following (in MPa units): 
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AS 3700-2001 (Australia) 
 

The Australian code suggests the following equation 
to calculate the shear strength of RCM beams: 
 
 svswvmm AfdbfV � '    (3) 
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Where: 
f’vm  = characteristic shear strength of reinforced 

masonry = 0.35 MPa. 
fvs    = design shear strength of the main longitudinal 

reinforcement = 17.5 MPa. 
As = the cross-sectional area of fully anchored 

longitudinal reinforcement in the tension zone 
of the cross-section under consideration, 
limited to 0.02bwd 

  
BS 5628-2:2005 (UK) 
 

In this code the shear strength of masonry beams is 
determined using Equation 4: 
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CSA S304.1-04 (Canada) 
 

The nominal shear resistance of reinforced beams of 
grouted, normal density concrete block masonry is 
calculated as follows: 
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Where vm should neither be taken greater than 0.16(f'm)0.5 
nor less than 0.07 (f'm)0.5.  
 
CSA A23.3-04 General Method of Shear Design for 
Reinforced Concrete Beams 
 

Most shear design equations for reinforced concrete 
are empirically derived to curve fits of experimental data. 
The CSA A23.3-2004 general shear design method, on 
the other hand, is derived from a rational theory that 
describes the behaviour of reinforced concrete subjected 
to shear -the Modified Compression Field Theory 
(MCFT) (Vecchio and Collins 1986 and Bentz, Vecchio, 
and Collins 2006). The basic equation to calculate 
concrete shear strength is as follows: 

 

vwcc dbfV 'E  (6) 
 
In deriving the CSA A23.3 shear design equation for 

slender beams, the rational assumption was made that the 
majority of the shear in a concrete section without web 
reinforcement is transferred by interlocking of aggregate 
particles at cracks below the neutral axis. This assumption 
has been convincingly validated by a number of studies 
on slender beams (Fenwick and Paulay 1968, Taylor 
1970, Kani et al. 1979, Sherwood et al. 2007, Sherwood 
2008), and it follows from this assumption that aggregate 
interlock capacity governs the shear strength of slender 
members. This is accounted for by the  term in Equation 6.  

 

The term  describes the ability of cracked concrete 
to transfer shear by aggregate interlock, in that low values 
of  indicate low aggregate interlock capacity. Any action 
that thus serves to decrease aggregate interlock capacity 
will decrease shear strength. In a classic series of tests, 
Walraven (1981) found that the aggregate interlock 
capacity of cracks in concrete was directly related to the 
concrete strength and maximum aggregate size, and 
inversely related to the crack width. His results form the 
basis of an important equation of the MCFT, and are 
reflected in the CSA A23.3 equations. 

 
Thus, actions that serve to decrease beam shear 

strength can include, but are not limited to a) axial 
tension, b) decreasing the area of longitudinal 
steel, As ,  c) increasing the ratio of moment to shear at 
the section or d) the use of lower modulus reinforcement 
(such as FRP) as each of these result in wider cracks. 
Likewise, prestressing and axial compression will result 
in narrower cracks, increased aggregate interlock capacity 
and higher shear strengths. These actions are collectively 
termed the “strain effect” as each affects the longitudinal 
strain at the section. 

 
The failure shear stress of beams without stirrups can 

also be reduced by increasing the effective depth, d. This 
is known as the “size effect” and is a well-documented 
phenomenon in concrete structures (Sherwood et al. 
2007). The size effect in concrete occurs because the 
longitudinal spacing of cracks at the beam mid-depth 
tends to be about 0.5d, regardless of the beam depth. As 
such, as the depth is increased, the spacing increases as 
well. As the spacing increases, so does the crack width 
(i.e. doubling the depth of a beam will about double the 
crack widths at identical shear stresses). These wider 
cracks precipitate shear failure at a lower shear stress due 
to reduced aggregate interlock capacity. In other words, at 
identical reinforcement ratios ( ), span-to-depth (a/d) 
ratios and widths (bw), doubling the depth of a beam 
without stirrups does not double the shear force required 
to fail the beam in shear. In a related phenomenon, the use 
of distributed layers of longitudinal steel in the beam web 
as skin reinforcement can result in more closely spaced, 
and hence narrower, cracks. Beams with distributed 
reinforcement of sufficient diameter have been shown to 
have higher shear strength, and this increase can be 
accounted for by the CSA A23.3 code (Sherwood 2008). 

 
Sherwood, et al. (2007) have offered considerable 

experimental evidence showing that beam shear strength 
is directly related to aggregate size. Reducing the 
maximum aggregate size will result in lower shear 
strengths as the cracks become smoother. While 
increasing f’c will generally increase aggregate interlock 
capacity, high-strength concrete can actually exhibit 
reduced shear strength as the aggregates cleave at cracks, 
resulting in very smooth crack faces.  
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All of these effects are accounted for through the use 
of the  term in Equation 6. The term  is a function 
of 1) the longitudinal strain at the mid-depth of the web, 

x, 2) the crack spacing at the mid-depth of the web 
and 3) the maximum coarse aggregate size, ag. It is 
calculated by an expression consisting of a strain effect 
term and a size effect term: 
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= strain effect term × size effect term 

  
The longitudinal strain at the mid-depth of a beam 

web, x, is conservatively assumed to be equal to one-half 
the strain in the longitudinal tensile reinforcing steel, 
though more accurate expressions that account for the 
small compressive strain in the compression zone are 
readily available in the CSA A23.3 explanatory notes. 
The full expression for calculating x is as follows: 
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Where: 
Mf   = factored applied moment, 
Vf  = factored applied shear, 
dv = flexural lever arm (equal to 0.9d or 0.72h, 

whichever is greater, where h is the beam 
height), 

Vp = vertical component of effective prestressing 
force, 

Nf  = factored applied axial load (tension positive), 
fpo = stress in prestressing tendon when strain in 

surrounding concrete is zero, 
Es, Ep = elastic modulus of non-prestressed and 

prestressed reinforcement, respectively 
As, Ap = area of non-prestressed and prestressed tension 

zone reinforcement, respectively. 
 
 For sections that are neither prestressed nor subjected to 
axial loads, x is calculated simply as: 
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The effect of the crack spacing at the beam mid-depth 

is accounted for by the crack spacing parameter, sx. For 
members without longitudinal steel distributed along the 
height of the web sx is equal to the flexural lever arm dv. 
The term sxe is an “equivalent crack spacing factor” 
developed to model the effects of the maximum aggregate 
size (ag) by modifying the crack spacing parameter: 
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For RCM beams, it is suggested that Vm and f’m can 

replace VC and f'c directly, though it appears that further 
work is required on how to rationally account for the 
effect of aggregate size in reinforced masonry. A crack in 
a RCM beam will travel through grout, block (each of 
which may have a different maximum aggregate size) and 
mortar (with no coarse aggregate). Furthermore, cracks in 
RCM preferentially form at mortar joints, giving the 
cracks a more jagged appearance than in RC beams. This 
may result in shear keys forming at corners of masonry 
units that will permit shear transfer by interlocking of 
adjacent blocks, a phenomenon not generally observed in 
concrete. Lastly, researchers rarely report the aggregate 
size used in the grout and blocks, making analysis of the 
ag term in RCM beams difficult. For the purposes of this 
study, it was found that setting ag = 10mm for beams 
filled with grout, and ag = 0 mm for beams filled with 
mortar produced acceptable shear strength predictions.  

 
In order to calculate the shear strength of 

experimental beams using the general method, Equations 
6 through 9 must be solved by a quadratic equation or 
using an iterative approach. The iterative process can be 
accomplished by hand or in a single line of a 
spreadsheet. Figure 2 shows a flow chart for the iterative 
process. For simply-supported point-loaded beams, 
typical of those used in experimental programs, the 
critical section can be taken at a distance d from the 
location of maximum moment. This conservative 
assumption permits the effect of the moment on crack 
widths to be accounted for in a rational way, and results 
in a more accurate shear strength prediction. 

 
As an example of calculating the shear strength of a 

RCM beam, consider beam CU158, tested by Suter and 
Keller (1980), with the following properties: bw = 
194 mm, d = 345 mm, f’m = 9.2 MPa, As = 562 mm2, 
a/d = 4, ag = 10 mm and a shear span of a = 1.38 m. For 
dv =  0.9d = 310.5 mm, sxe = 434.7 mm from Equation 9. 
Guessing that Hx = 0.5 × 10-3 would give a value for  of 
0.207, and Equation 6 calculates a shear strength of 
37.8 kN. At the critical section for shear, d away from the 
point load, the shear strength of 37.8 kN would be 
associated with a moment of (a-d) × V = (1.38 - 0.345) × 
37.8 = 39.1 kN-m.  Equation 8 can be evaluated, giving Hx 
= 0.729 × 10-3. As this value is not equal to the guessed Hx, 
a new value can be tried as the average of the old and 
new estimate, Hx = (0.5 + 0.729) × 10-3 /2 = 0.615 × 10-3. 
Convergence is achieved when Hx = 0.648 × 10-3 and 
Equation 6 predict a shear strength of 33.6 kN. The 
specimen failed at a shear of 52.9 kN resulting in a test to 
predicted strength ratio (Vexp/Vpred) of 52.9/33.6 = 1.57. 
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Figure 2 — Flow Chart for the Iterative Analysis Process in the CSA A23.3-04 General Method 

 
 

It should be made perfectly clear that no iteration is 
needed to determine shear strength when designing beams 
using the general method, as Hx can be calculated directly 
from the design loads. 

 
It must also be pointed out that Equation 7 was 

developed for steel-reinforced structures, and represents a 
simplified application of the fifteen equations of the 
MCFT. The equation is optimized for the magnitudes of 
longitudinal strains exhibited by concrete reinforced with 
400MPa steel. Members reinforced with high-strength 
steel will generally have very low-reinforcement ratios 
and hence very large longitudinal strains. Likewise, 
members reinforced with FRP rebars will also exhibit 
large longitudinal strains due to the low stiffness of the 
reinforcement. In these cases Equation 7 will 
conservatively predict the shear strengths. 

Hoult, Sherwood, Bentz and Collins (2007) 
developed a more accurate version of Equation 7 
specifically intended for members with very low 
reinforcement ratios or with low stiffness reinforcement. 
The equation is as follows: 
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This equation can be used as a direct substitute for 

Equation 7. It produces slightly more accurate shear 
strength predictions of normally-reinforced beams, and 
markedly more accurate predictions for beams with high-
strains, such as FRP-reinforced beams and beams with 
very low reinforcement ratios.  
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Table 1. Summary of Shear Design Methods for RCM Beams 

 
 
 
COMPARISONS OF SHEAR DESIGN 
METHODS 
 

Based on previous experimental investigations, (Suter 
and Keller 1980, Suter and Keller 1984, Li et al. 1994, 
Feriege 1994), RCM beams have been shown to exhibit 
many similarities in behaviour to reinforced concrete beams. 
The main parameters that affect shear strength of non-
prestressed beams are summarized in Table 1. 

 
Since masonry compressive strength has only a minor 

effect on the shear strength of beams with a/d ≥ 2.5, CSA 
S304.1-04 and TMS 402-08 codes relate masonry shear 
strength to the square root of the compressive strength 
(Drysdale and Hamid 2005). The AS 3700-2001 and BS 
5628-2:2005 codes, on the other hand, ignore the 
compressive strength of masonry entirely, and consider a 
constant value of 0.35 MPa as the characteristic shear 
strength of masonry. The AS 3700-2001 code ignores 
geometric effects (a/d ratio and the size effect) on shear 
strength while the CSA S304.1-04 and TMS 402-08 codes 
disregard the effects of longitudinal reinforcement and a/d 
ratio. CSA S304.1-04 is the only masonry code that 
accounts for the size effect (when the depth of the section 
exceeds 400 mm). In contrast, the BS 5628-2:2005 code 
formula disregards the size effect, but it accounts for 
longitudinal reinforcement and a/d ratios. 

 
The only design formula that accounts for all the key 

parameters affecting shear strength is the general method 
adopted in the CSA A23.3-04 code. This design formula 
accounts for the effects of moment, reinforcement ratio 
and longitudinal bar stiffness (E) on shear strength by 
formulating the shear strength in terms of the longitudinal 
strain at the beam mid-depth. It also accounts for the size 
effect and aggregate size through the crack spacing 
parameter. Furthermore, it can accurately account for the 
effect of prestressing and axial compression or tension.  
 
EXPERIMENTAL DATABASE 
 

To evaluate the performance of the various code 
equations discussed, experimentally determined shear 
strengths for 112 RCM beams without shear 

reinforcement were collected from published literature, 
and are summarized in Table 2 (Suter and Keller 1980), 
Suter and Keller 1984, Li et al. 1994 and Ferieg 1994). 
The database includes RCM beams having f'm ranging 
from 8.6 to 30 MPa, a/d ranging from 2.5 to 6.7, 
longitudinal reinforcement ratio ranging from 0.37% to 
2.5% and depth ranging from 109 to 349 mm. Only 
slender beams (with a/d ratios of 2.5 or greater) are 
analyzed here as the current study is not concerned with 
beams where arch action can be engaged after beam 
action breaks down (Fenwick and Paulay 1968). All f’m 
values listed by Suter and Keller and Ferieg were 
obtained based on companion prism tests. Li et al. did not 
conduct prism tests, but rather individual tests on the 
blocks, mortar and grout. The f’m values in Table 2 for 
Li’s tests were thus calculated based on the following 
equation (Khalaf et al. 1994):  

 
f’m = 0.30ffb + 0.20fmr + 0.25fg (11) 

  
Where: 
ffb  = compressive strength of unfilled full-block unit, 
fmr  = cube compressive strength of mortar, and 
fg  =  cube compressive strength of grout. 
 
DISCUSSION OF RESULTS 
 
The Strain Effect 
 

The 112 experimentally determined failure shear 
strengths are summarized in Figure 3. In this figure the strain 
effect can be very clearly seen, in that the failure shear 
stresses generally decrease with an increase in M/ Vd. Two 
series of beams by Li et al. 1994 are highlighted that in 
particular demonstrate the strain effect. In these series, either 
 was kept constant with varying a/d, or a/d was kept 

constant with varying . It is well documented in reinforced 
concrete beams that failure shear stresses decrease with 
decreasing reinforcement ratio and increasing a/d ratio, and it 
certainly appears to be the case that the same is true for 
masonry beams. Note in Figure 3 that both the ACI and CSA 
masonry codes predict constant values of failure shear stress, 
indicating that generally the degree of conservatism is 
expected to decrease as M/ Vd increases. 

Size Average 1st
M/V U E Effect Vexp/Vpred Percentile

TMS 402 Masonry -steel reinforced X 1.28 0.36 0.28 0.45
AS 3700 Masonry -steel reinforced X 1.54 0.52 0.34 0.31
BS 5628-2 Masonry -steel reinforced X X 1.05 0.30 0.29 0.34
CSA S304.1 Masonry -steel reinforced X X 1.49 0.41 0.28 0.52
CSA A23.3 Concrete -steel reinforced X X X X X 1.33 0.28 0.21 0.68
Hoult et. al. Concrete -FRP reinforced X X X X X 1.25 0.26 0.21 0.63

Intended UseDesign 
Method Strain Effect

Key Parameters

STDV COVf'm

Predictive Capabilities



32  TMS Journal December 2010 

Table 2. Database of 112 Shear-Critical RCM Beams Without Web Reinforcement  

Beam d U f'm vexp 
1 TMS Hoult

ID (mm) (%) (MPa) (MPa) 402-08 et. al.
1 CU118a 154 1.90 3.0 12.9 1.28 1.92 1.88 1.07 2.23 1.43 1.39

2 CU118b 154 1.90 3.0 12.9 1.34 2.01 1.96 1.12 2.33 1.50 1.46

3 CU119 154 1.90 5.0 12.9 0.99 1.48 1.45 1.16 1.72 1.29 1.22

4 CU122a 154 1.90 3.0 11.2 1.05 1.69 1.54 0.88 1.96 1.33 1.31

5 CU122b 154 1.90 3.0 11.2 1.36 2.18 1.99 1.14 2.54 1.73 1.70

6 CU123a 154 1.90 5.0 11.2 0.92 1.48 1.35 1.08 1.72 1.35 1.29

7 CU123b 154 1.90 5.0 11.2 0.92 1.48 1.35 1.08 1.72 1.35 1.29

8 CU115 126 1.59 6.0 11.2 0.74 1.19 1.18 1.18 1.38 1.18 1.10

9 CU125 146 1.38 6.0 11.2 0.71 1.14 1.20 1.20 1.33 1.21 1.13

10 CU128 348 1.67 3.0 12.9 0.88 1.32 1.37 0.78 1.53 1.16 1.14

11 CU129 348 1.67 5.0 12.9 0.90 1.35 1.40 1.12 1.57 1.38 1.32

12 CU132 348 1.67 3.0 11.2 0.68 1.09 1.06 0.60 1.27 1.09 1.08

13 CU133 348 1.67 5.0 11.2 0.54 0.87 0.84 0.67 1.01 0.99 0.96

14 CU134 343 0.58 3.0 12.9 0.62 0.93 1.37 0.78 1.08 1.13 1.04

15 CU135 343 1.15 6.0 12.9 0.77 1.15 1.40 1.40 1.34 1.42 1.31

16 CU136a 343 0.58 3.0 11.2 0.55 0.88 1.22 0.70 1.03 1.19 1.11

17 CU136b 343 0.58 3.0 11.2 0.59 0.95 1.31 0.75 1.10 1.27 1.19

18 CU137 343 1.15 6.0 11.2 0.62 1.00 1.13 1.13 1.16 1.35 1.26

19 CU140a 343 1.47 3.0 12.9 0.91 1.36 1.50 0.86 1.58 1.24 1.21

20 CU140b 343 1.47 3.0 12.9 0.95 1.42 1.56 0.89 1.65 1.30 1.26

21 CU141a 343 1.47 5.0 12.9 0.83 1.24 1.37 1.09 1.44 1.32 1.25

22 CU141b 343 1.47 5.0 12.9 0.83 1.24 1.37 1.09 1.44 1.32 1.25

23 CU113 126 1.55 6.0 11.2 0.97 1.56 1.56 1.56 1.81 1.47 1.37

24 CU142 343 1.47 6.0 12.9 0.79 1.18 1.30 1.30 1.37 1.34 1.25

25 CU145a 343 1.47 3.0 11.2 0.69 1.11 1.14 0.65 1.29 1.14 1.12

26 CU145b 343 1.47 3.0 11.2 0.82 1.32 1.35 0.77 1.53 1.35 1.33

27 CU146a 343 1.47 5.0 11.2 0.70 1.12 1.15 0.92 1.31 1.33 1.28

28 CU146b 343 1.47 5.0 11.2 0.81 1.30 1.33 1.07 1.51 1.54 1.48

29 CU147a 343 1.47 6.0 11.2 0.72 1.16 1.19 1.19 1.34 1.45 1.38

30 CU147b 343 1.47 6.0 11.2 0.72 1.16 1.19 1.19 1.34 1.45 1.38

31 CU148 343 0.85 2.7 9.2 0.88 1.56 1.76 0.97 1.81 1.53 1.47

32 CU112 126 1.55 6.0 11.2 0.94 1.51 1.51 1.51 1.76 1.42 1.32

33 CU149a 340 0.85 2.7 9.2 0.79 1.40 1.58 0.87 1.63 1.38 1.32

34 CU149b 340 0.85 2.7 9.2 0.83 1.47 1.66 0.91 1.71 1.45 1.39

35 CU150a 340 0.85 2.7 9.2 0.76 1.35 1.52 0.83 1.57 1.32 1.27

36 CU150b 340 0.85 2.7 9.2 0.85 1.51 1.70 0.93 1.75 1.48 1.42

37 CU151 340 0.85 2.7 9.2 0.80 1.42 1.60 0.88 1.65 1.39 1.34

38 CU154a 340 0.85 4.0 9.2 0.68 1.21 1.36 0.91 1.40 1.34 1.26

39 CU154b 340 0.85 4.0 9.2 0.76 1.35 1.52 1.02 1.57 1.50 1.41

40 CU155a 345 0.84 4.0 9.2 0.73 1.29 1.47 0.98 1.50 1.45 1.36

41 CU155b 345 0.84 4.0 9.2 0.79 1.40 1.59 1.06 1.63 1.57 1.48

42 CU156a 345 0.84 4.0 9.2 0.73 1.29 1.47 0.98 1.50 1.45 1.36

43 CU156b 345 0.84 4.0 9.2 0.72 1.28 1.45 0.97 1.48 1.43 1.34

44 CU157a 345 0.84 4.0 9.2 0.80 1.42 1.61 1.07 1.65 1.59 1.49

45 CU157b 345 0.84 4.0 9.2 0.77 1.36 1.55 1.03 1.59 1.53 1.44

46 CU158 345 0.84 4.0 9.2 0.79 1.40 1.59 1.06 1.63 1.57 1.48

47 CU159 345 0.84 4.0 9.2 0.83 1.47 1.67 1.11 1.71 1.65 1.55

48 CU162a 349 1.44 3.0 17.9 0.90 1.14 1.49 0.85 1.33 1.10 1.06

49 CU162b 349 1.44 3.0 17.9 0.94 1.19 1.56 0.89 1.39 1.15 1.11

50 CU163a 349 1.44 5.0 17.9 0.76 0.97 1.26 1.01 1.12 1.09 1.03

51 CU163a 349 1.44 5.0 17.9 0.76 0.97 1.26 1.01 1.12 1.09 1.03

52 CU105 109 2.24 5.0 11.2 1.28 2.06 1.73 1.38 2.39 1.61 1.54

53 CU164 349 1.44 6.0 17.9 0.63 0.80 1.05 1.05 0.93 0.97 0.89

54 CU167 349 1.44 3.0 17.9 0.67 0.85 1.11 0.64 0.99 0.94 0.91

55 CU168a 349 1.44 5.0 17.9 0.60 0.76 1.00 0.80 0.89 0.98 0.93

56 CU168b 349 1.44 5.0 17.9 0.60 0.76 1.00 0.80 0.89 0.98 0.93

57 CU169a 349 1.44 6.0 17.9 0.41 0.52 0.68 0.68 0.61 0.71 0.67

58 CU169b 349 1.44 6.0 17.9 0.43 0.55 0.71 0.71 0.64 0.75 0.70

Ratio of Experimental to Predicted Shear Strength 
(vexp/vpred)

Suter & Keller 
(1980)

# Authors
Experimental Details

a/d AS 3700-
01

BS 5628-
2:2005

CSA 
S304.1

CSA 
A23.3-04
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Table 2. Continued  

 
 

Beam d U f'm vexp 
1 TMS Hoult

ID (mm) (%) (MPa) (MPa) 402-08 et. al.
59 65 357 0.58 3.0 12.6 0.71 1.07 1.57 0.90 1.25 1.32 1.21

60 67 357 0.58 3.0 18.9 0.87 1.08 1.93 1.10 1.25 1.42 1.29

61 69 156 0.66 3.0 12.2 0.88 1.35 1.88 1.08 1.57 1.38 1.28

62 71 156 0.66 3.0 18.9 0.88 1.08 1.88 1.08 1.26 1.20 1.09

63 Li et al. (1994) B79 320 1.03 2.5 11.9 1.43 2.22 2.69 1.43 2.59 2.07 2.00

64 B80 320 1.03 3.0 11.8 1.02 1.59 1.92 1.10 1.85 1.56 1.50

65 B81 320 1.03 4.0 11.6 0.96 1.51 1.80 1.20 1.76 1.62 1.53

66 B85 320 0.37 2.5 12.9 1.03 1.54 2.48 1.32 1.80 2.03 1.84

67 B86 320 0.37 3.0 11.2 0.79 1.26 1.89 1.08 1.47 1.74 1.56

68 B87 320 0.37 4.0 11.2 0.66 1.06 1.58 1.05 1.23 1.62 1.43

69 B91 320 1.62 2.5 12.3 1.71 2.62 2.70 1.44 3.05 2.17 2.14

70 B92 320 1.62 3.0 12.4 1.16 1.77 1.83 1.05 2.06 1.54 1.51

71 B93 320 1.62 4.0 12.1 0.99 1.53 1.56 1.04 1.78 1.44 1.39

72 B94 320 1.03 3.5 13.5 1.00 1.46 1.88 1.16 1.70 1.54 1.46

73 B95 320 1.62 3.5 12.7 1.08 1.63 1.71 1.05 1.89 1.49 1.44

74 B96 320 0.37 5.0 12.7 0.39 0.59 0.94 0.75 0.68 1.02 0.87

75 B97 320 1.03 5.0 13.4 0.80 1.17 1.51 1.21 1.37 1.40 1.29

76 B98 320 1.62 5.0 12.6 0.86 1.30 1.36 1.08 1.51 1.32 1.26

77 B99 320 0.66 5.0 12.4 0.60 0.91 1.28 1.02 1.06 1.25 1.12

78 B100 320 2.42 5.0 13.2 0.88 1.30 1.13 0.90 1.51 1.18 1.14

79 B102 320 1.03 2.5 32.1 1.69 1.60 3.18 1.70 1.87 1.74 1.63

80 B103 320 1.03 3.5 31.9 1.25 1.19 2.35 1.45 1.38 1.45 1.33

81 B104 320 1.03 4.5 30.4 1.05 1.02 1.98 1.44 1.19 1.36 1.23

82 B106 320 1.03 2.5 32.6 1.59 1.50 3.00 1.60 1.74 1.63 1.53

83 B107 320 1.03 3.5 30.2 1.53 1.50 2.88 1.77 1.74 1.80 1.66

84 B108 320 1.03 4.5 28.9 1.13 1.13 2.13 1.55 1.31 1.48 1.34

85 B110 125 0.96 2.5 31.3 2.00 1.92 3.87 2.06 2.23 1.87 1.73

86 B111 125 0.96 3.5 30.0 1.48 1.45 2.86 1.76 1.69 1.59 1.44

87 B112 125 0.96 4.5 28.5 1.13 1.14 2.18 1.59 1.32 1.36 1.21

88 B113 125 0.96 5.5 30.6 0.92 0.89 1.78 1.58 1.04 1.17 1.02

89 Ferieg (1994) SN31A 315 1.74 2.9 8.9 0.85 1.54 1.30 0.73 1.78 1.24 1.22

90 SN31B 315 1.74 2.9 11.0 0.84 1.37 1.29 0.72 1.59 1.13 1.11

91 SN32A 310 1.44 2.9 11.5 0.65 1.04 1.09 0.61 1.21 0.91 0.88

92 SN32B 310 1.44 2.9 11.6 0.58 0.91 0.96 0.54 1.06 0.80 0.78

93 SN34A 310 0.39 2.9 12.3 0.76 1.16 1.81 1.02 1.35 1.57 1.41

94 SN34B 310 0.39 2.9 11.5 0.46 0.72 1.09 0.61 0.84 0.97 0.87

95 SN41A 300 1.83 4.0 11.5 0.49 0.78 0.74 0.49 0.91 0.70 0.68

96 SN41B 300 1.83 4.0 11.1 0.50 0.81 0.75 0.50 0.94 0.72 0.70

97 SN42A 300 1.49 4.0 11.3 0.58 0.93 0.96 0.64 1.09 0.88 0.85

98 SN42B 300 1.49 4.0 11.0 0.78 1.26 1.27 0.85 1.46 1.18 1.13

99 SN43A 300 1.00 4.0 8.6 0.50 0.91 0.94 0.63 1.05 0.93 0.88

100 SN43B 300 1.00 4.0 11.1 0.54 0.87 1.03 0.68 1.01 0.93 0.87

101 SN44A 300 0.50 4.0 10.9 0.50 0.82 1.15 0.77 0.95 1.11 1.00

102 SN44B 300 0.50 4.0 10.2 0.43 0.73 0.99 0.66 0.84 0.97 0.87

103 SN51A 115 1.58 5.2 15.0 1.10 1.53 1.75 1.47 1.78 1.42 1.32

104 SN51B 115 1.58 5.2 11.0 1.03 1.67 1.64 1.37 1.94 1.47 1.38

105 SN52A 115 1.30 5.2 11.1 1.01 1.63 1.75 1.47 1.90 1.54 1.43

106 SN52B 115 1.30 5.2 10.7 0.90 1.47 1.55 1.30 1.71 1.38 1.29

107 SN53A 120 0.99 5.0 10.7 0.90 1.48 1.72 1.38 1.72 1.51 1.38

108 SN53B 120 0.99 5.0 10.4 0.42 0.70 0.80 0.64 0.81 0.71 0.65

109 SN70A 127 2.50 6.7 10.8 0.88 1.44 1.12 1.12 1.67 1.20 1.14

110 SN70B 127 2.50 6.7 10.6 0.90 1.49 1.14 1.14 1.73 1.23 1.18

111 SN70C 127 2.50 6.7 10.0 0.86 1.46 1.09 1.09 1.70 1.20 1.15

112 SN70D 127 2.50 6.7 10.1 0.90 1.52 1.14 1.14 1.77 1.26 1.20

Average: 1.28 1.54 1.05 1.49 1.328 1.252

Notes: STDEV: 0.36 0.52 0.30 0.41 0.279 0.265
(1) vexp = failure shear stress = Vexp/bwd 1st Percentile: 0.45 0.31 0.34 0.52 0.678 0.634

Ratio of Experimental to Predicted Shear Strength 
(vexp/vpred)

Suter & Keller 
(1984)

# Authors
Experimental Details

a/d AS 3700-
01

BS 5628-
2:2005

CSA 
S304.1

CSA 
A23.3-04
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Figure 3 — Failure Shear Strengths of 112 RCM 
Beams and Illustration of the Strain Effect  

 
This point is illustrated clearly in Figure 4. In this 

figure the failure shear stresses of the Li et al. series of 
beams in which  was varied are reported, along with the 
predicted failure shear stresses of the TMS 402, CSA 
S304.1 and the CSA A23.3 codes. Clearly, the CSA 
A23.3 code captures the experimental behaviour of the 
series of beams quite effectively, and far better than the 
TMS and CSA masonry codes. 

 

It is interesting that a design code specifically 
intended for reinforced concrete can effectively account 
for the effect of  and a/d in masonry beams. 
Furthermore, it is instructive that the code is formulated 
such that it is the aggregate interlock capacity of concrete 
at cracks that governs shear strength. It would seem then, 
that, like RC beams, RCM beams transfer considerable 
shear stress across cracks below the neutral axis. As such, 
the frictional characteristics of these cracks would affect 
the beam shear strength. 

 

One such characteristic would be the type of fill. In 
Figure 5, the failure shear stresses of a series of beams 
tested by Suter et al. 1984 are summarized, in which two 
different types of fill were used. All beams had a constant 
effective depth and , with a varying a/d. Also, the 
specimens indicated with the hollow points were filled 
with mortar (no coarse aggregate) while the specimens 
indicated by the solid points were filled with grout (with 

coarse aggregate). Clearly, the specimens with grout had 
generally higher shear strengths than those filled with 
mortar. The simplest explanation for this behaviour is that 
the cracks in the mortar-filled beams were smoother than 
those cracks in the beams with grout. 
 

 
 
 

Figure 4 — Code Predictions of the Strain Effect 
 

 
Figure 5 — Effect of Fill on Failure Shear Stress 
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Accuracy and Safety of Code Predictions 
 

Tables 1 and 2 summarize the average ratios of tested 
to predicted strengths and the standard deviations. Of the 
four masonry codes, the British code had the lowest 
average Vexp/Vpred ratio, the TMS code had an average 
value of 1.28 and both the Australian and Canadian codes 
had the highest average values.  

 
Another important and well-known parameter 

summarized in the tables is the “1st-percentile value,” 
which has been traditionally used as an estimate of the 
required shear strength reduction factor (MacGregor and 
Bartlett 2000) to achieve an appropriately safe design 
equation. That is, the shear strength reduction factor 
should be equal to or less than the 1st percentile value for 
the design equation to be considered of sufficient safety. 
Assuming a normal distribution, the first percentile value 
is equal to 2.33 standard deviations from the mean.  

 
In the case of the BS 5628-2:2005 method, for 

example, the first percentile value is equal to 1.048 - 
2.33(0.304) = 0.34. It can thus be expected that 99% of the 
tested shear strengths will exceed 0.34 times the strength 
calculated by Equation 4. Thus, while it would appear that 
the British code can accurately predict beam shear strength 
(due to its low average Vexp/Vpred ratio) its high variation 
requires a very low material strength reduction factor in 
order to apply the code safely. This factor of 0.34 is smaller 
than the partial material reduction factor of 0.5 suggested 
by BS 5628-2:2005. Likewise, the 1st percentile value of 
0.31 for AS 3700-2001 is well below the reduction factor 
of 0.75 used in this code. As such, the authors have very 
serious concerns about the safety of these codes when 
designing RCM beams.  

 
To demonstrate the importance of the 1st percentile 

value, the values of the Vexp/Vpred ratios for the 112 beam 
database are plotted in Figure 6 and Figure 7 for the CSA 
S304.1, TMS 402 and CSA A23.3 codes. Also shown are 
probability density functions of the Vexp/Vpred values 
generated from the means and standard deviations 
summarized in Table 2. It is clear from these figures that 
shear strength predictions generated using the CSA A23.3 
code are tightly distributed about the mean, and as such it 
has the highest 1st percentile value of all the codes 
considered, at 0.68. The worst experimental to predicted 

strength ratio for the CSA A23.3 method is 0.70, which is 
consistent with the assumption that the data is normally 
distributed. Compared with the shear strength predictions 
generated by ACI 530 and CSA S304.1, it can be seen 
that the CSA A23.3 code provides a consistent level of 
safety exists over the range of  and a/d considered. 

 
The 1st percentile value for the CSA S304.1-04 of 

0.52 is lower than the reduction factor of 0.6 adopted in 
the code. As such, it appears that Equation 5 should be 
reviewed for the 2014 version of the code. As the 0.68 1st 
percentile value calculated above is greater than the 
reduction factor in CSA S304.1-04, it can be concluded 
that the CSA A23.3 general method would provide both 
the safest and most accurate designs of RCM beams in 
Canada. It is interesting also to note that the Hoult et al. 
modified  equation for  ( Equation 10) provides 
marginally more accurate shear strength predictions, with 
a 1st percentile value that remains above 0.6.  

 
The advantage of formulating shear design 

expressions based on an accurate theory rather than curve 
fitting to experiments is that accurate predictions of shear 
strengths can be made where no experimental data exist. 
As such, it is possible that the shear strengths of 
prestressed masonry beams and beams with axial loads 
could be accurately predicted using the general method. 
The CSA A23.3 code may also be accurate at predicting 
the shear strengths of masonry walls, and non-slender 
beams (where a/d is less than about 2.5). In this case, 
analysis could be done using strut-and-tie procedures. 
Further work is required in these areas. 
 
 
THE SIZE EFFECT 
 

As a last note, the general method accounts for the 
size effect, as does CSA S304.1. The other codes do not. 
The size effect exists in masonry, and was first identified 
by Suter and Keller (1980). There is a very serious risk to 
public safety when dealing with shear design methods that 
do not account for the size effect (Sherwood et al. 2007). 
As such, the Australian, British and American design 
codes should not be applied to thick beams that do not 
contain stirrups. 
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Figure 6 — Comparison of CSA A23.3 and TMS 402 Shear Strength Prediction 
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Figure 7 — Comparison of CSA A23.3 and CSA S304.1 Shear Strength Predictions 
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CONCLUDING REMARKS 
 

It was found that the shear strengths of RCM beams 
can be more accurately, safely and reliably calculated 
using the CSA A23.3 code for concrete than current 
masonry codes. The 1st percentile values of all four of the 
masonry codes analyzed were lower than the shear 
strength reduction factors adopted in the codes. As such, 
it appears worthwhile to review these equations for future 
editions of the codes.  

 
It is most interesting, and indeed quite promising, that 

shear design methods based on the Modified Compression 
Field Theory work so well with reinforced masonry. This 
would indicate that aggregate interlock at cracks below the 
neutral axis is a dominant mechanism of shear transfer in 
slender masonry beams. Work is ongoing at applying strut-
and-tie approaches derived from the MCFT to shear walls 
and beams with low a/d ratios. Further work is required to 
determine whether the effects of prestressing and axial 
loads can be accounted for.  

 
It appears possible to develop a comprehensive, 

rational theory for shear in reinforced masonry based on 
the Modified Compression Field Theory that will apply to 
elements in addition to beams, such as walls, pilasters and 
columns. Additional work must relate to developing 
updated relationships for compression softening, tension 
stiffening and aggregate interlock. This will be the future 
direction of masonry research at Carleton University. 
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NOTATIONS 
 
An = net cross-sectional area of beam  
Ap  = area of prestressed tension zone reinforcement 
As  = area of non-prestressed tension zone 

reinforcement 
a  = shear span 
ag  = maximum coarse aggregate size  
bw  = beam width 
d  = effective depth of the beam (distance from 

extreme compression fibre to centroid of 
longitudinal tensile steel) 

dv  = flexural lever arm, effective shear depth 

Ep  = elastic modulus of prestressed reinforcement 
Es  = elastic modulus of non-prestressed 

reinforcement 
f'c  = concrete compressive strength 
ffb  = compressive strength of unfilled full-block 

unit 
fg  = cube compressive strength of grout. 
f’m  = masonry compressive strength 
fmr = cube compressive strength of mortar 
fpo  = stress in prestressing tendon when strain in 

surrounding concrete is zero 
f’vm  = characteristic shear strength of reinforced 

masonry  
fvs  = design shear strength of the main longitudinal 

reinforcement  
h  = beam height 
M  = applied moment 
Mf   = factored moment 
Nf  = factored axial load (tension positive) 
sx  = crack spacing parameter  
sxe  = equivalent crack spacing factor 
V  = shear (force) 
Vc  = shear strength of concrete (force) 
Vexp  = experimentally-determined failure shear force 
Vf  = factored applied shear force 
Vm  = shear strength of masonry (force) 
vm  = shear strength of masonry (stress) 
Vp  = vertical component of effective prestressing 

force 
Vpred  = predicted failure shear force 
  = parameter describing ability of cracked 

concrete to transfer shear stress by aggregate 
interlock 

x  = longitudinal strain at mid-depth of beam 
U  = longitudinal tensile steel reinforcement ratio 

(=As/bwd)
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Evaluation of Design Provisions 
for In-Plane Shear in Masonry Walls 

 
C.L. Davis1, D.I. McLean2, and J.M. Ingham3 

 
INTRODUCTION 
 

Design provisions for shear in masonry structures 
vary widely in building standards existing around the 
world. Variations in the provisions include differences in 
format, assumptions of structural behavior under shear 
loadings, separate provisions for unreinforced and 
reinforced elements, treatment of in-plane and out-of-
plane shear loading, accounting for partial and full 
grouting, factors of safety, and reductions in shear 
strength in plastic hinging regions. In the US design 
standard Building Code Requirements and Specifications 
for Masonry Structures (MSJC, 2008), which provides 
separate design provisions for allowable stress design and 
for strength design, fundamental differences in the two 
sets of shear provisions can produce substantially 
different designs. 

 
In response to the variations in the shear provisions, a 

number of experimental studies on the shear performance 
of masonry walls and other structural elements have been 
conducted over the last 25 years. Current and proposed 
design methods were evaluated for their effectiveness to 
predict measured shear strengths. Two comprehensive 
studies (NEHRP, 2000; Voon and Ingham, 2007) 
collected shear data from around the world and compared 
the data with predicted strengths from a broad collection 
of existing and proposed shear provisions. The NEHRP 
study provided recommendations for shear design that 
were largely based on the equations developed in 
Technical Coordinating Committee for Masonry Research 
(TCCMaR) program, funded by the National Science 
Foundation. The TCCMaR equations are the basis for the 
strength design provisions in the MSJC Code. The Voon 
and Ingham study also found that the TCCMaR equations 
provided a good prediction of the collected shear 
strengths. However, Voon and Ingham proposed several 
modifications to the TCCMaR equations, and their final 
recommendations for shear design were incorporated into 
the 2004 New Zealand Standard (NZS, 2004). 

The research reported in this paper builds upon the 
previous studies by NEHRP and Voon and Ingham. The 
shear data collected in both previous studies is 
incorporated into this research, and the methods for 
evaluating the effectiveness of the various provisions 
closely follow those used in those studies. This research 
expands on this previous work to include consideration of 
additional codes as well as the allowable stress provisions 
of previously evaluated codes. The goal of this research is 
to provide recommendations for improvements to the 
existing MSJC shear provisions. 
 
REVIEW OF CODE PROVISIONS 

 
MSJC Allowable Stress Design (ASD) 

 
The Masonry Standards Joint Committee (MSJC) 

Building Code Requirements and Specification for 
Masonry Structures (MSJC, 2008) contains two sets of 
provisions for shear design, one using Allowable Stress 
Design (ASD) and the other using Strength Design (SD). 
Provisions based on ASD for reinforced masonry are 
given in MSJC Section 2.3.5. Reinforced masonry 
members that are subjected to flexural tension are to be 
designed in accordance with MSJC Sections 2.3.5.2 and 
2.3.5.3. Shear stresses due to service loads are calculated 
using Equation 1.  

 

bd
V=vƒ  (1) 

 
Note that the area used to calculate the shear stress 

does not distinguish between fully and partially grouted 
sections. The calculated shear stresses, fv, shall not exceed 
the applicable allowable stress limit, Fv, given in MSJC 
Section 2.3.5.2.2 and as listed below. For shear walls with 
M/Vd ratios less than 1, Fv is given by Equation 2. For 
shear walls with M/Vd ratios greater than or equal to 1, Fv 
is given by Equation 3.  
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mƒ'=vF  35≤  psi  (3) 
 
If fv is less than or equal to the applicable Fv limit, the 

masonry is assumed to provide the entire shear strength 
and shear reinforcement is not required. If fv is greater 
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than the applicable Fv limit, the masonry is assumed to 
carry no shear and shear reinforcement must be provided 
in accordance with MSJC Section 2.3.5.3. For reinforced 
masonry subjected to flexural tension, and where it has 
been determined that shear reinforcement is required, the 
shear reinforcement is to comply with MSJC Section 
2.3.5.3. The minimum area of shear reinforcement, Av, at 
a spacing, s, is determined using Equation 4. 

 

dF
VsA

s
v =  (4) 

 
The shear reinforcement is to be provided parallel to 

the direction of the applied shear force with a spacing not 
to exceed the lesser of d/2 or 48 in. Reinforcement is also 
required perpendicular to the shear reinforcement with an 
area equal to at least 1/3Av and with a spacing not to 
exceed 8 ft.  

 
When shear reinforcement is provided, the shear 

stress under service loads, fv, calculated using Equation 1, 
shall not exceed the applicable allowable stress limit, Fv, 
as given in MSJC Section 2.3.5.2.3 and as listed below. 
For shear walls with M/Vd ratios less than 1, Fv is given 
by Equation 5. For shear walls with M/Vd ratios greater 
than or equal to 1, Fv is given by Equation 6. In effect, 
these limits provided an upper bound on the shear 
strength permitted in reinforced masonry members, no 
matter the amount of shear reinforcement that is provided.  
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mƒ'5.1=vF 75≤ psi  (6) 
 

MSJC Strength Design (SD) 
 
MSJC provisions based on Strength Design (SD) for 

reinforced masonry are given in MSJC Section 3.3.4. The 
MSJC SD provisions for shear design are the same as 
those developed through the National Earthquake Hazards 
Reduction Program (NEHRP, 2000). The nominal shear 
strength, Vn, is given as the sum of the nominal shear 
strength provided by the masonry, Vnm, and the nominal 
shear strength provided by the shear reinforcement, Vns, as 
shown in Equation 7 for US Customary units. For design, 
the factored shear force, Vu, shall not exceed the nominal 
shear strength, Vn, times a shear strength-reduction factor, 
ϕ, of 0.80. The nominal shear strength, Vn, is given by 
Equation 8. The first term in this equation represents the 
strength contribution from the masonry, and the second 
term represents the shear strength contribution from the 
applied axial compressive load. The third term represents 
the nominal shear strength provided by the shear 
reinforcement, Vns.  

 
Vn = Vnm + Vns  (7) 
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The nominal shear strength, Vn, shall not exceed 

mn fA '0.6 for walls with values of Mu/Vudv less than or 

equal to 0.25. A limit on Vn of mn fA '0.4 applies for 
values of Mu/Vudv greater than or equal to 1.0. For 
Mu/Vudv values between 0.25 and 1.0, the maximum 
value of Vn is linearly interpolated. Values for Mu/Vudv 
need not be taken greater than 1.0 and shall be taken as a 
positive number.  
 
UBC Strength Design (SD) 
 

The Uniform Building Code (UBC) (ICBO, 1997) 
contains two sets of provisions for shear design. 
Provisions based on working stress design (WSD), 
equivalent to MSJC ASD, are given in UBC Section 
2107, and provisions based on SD are given in UBC 
Section 2108. The UBC SD shear design provisions apply 
only to reinforced masonry. The nominal shear strength, 
Vn, is generally given as the sum of the nominal shear 
strength provided by the masonry, Vm, and the nominal 
shear strength provided by the shear reinforcement, Vs, as 
shown in Equation 9.  

 
Vn = Vm + Vs  (9) 
 
For design, the factored shear force, Vu, shall not 

exceed the nominal shear strength, Vn, times the strength-
reduction factor, ϕ, for shear of 0.60. However, the value 
of ϕ may be taken as 0.80 for any shear wall when its 
nominal shear strength exceeds the shear corresponding to 
development of its nominal flexural strength for the 
factored load combination.  

 
For in-plane loads on walls, the nominal shear 

strength, Vn, is given by Equation 10 for US Customary 
units. The first term in this equation represents the strength 
contribution from the masonry, Vm, and the second term 
represents the nominal shear strength provided by the shear 
reinforcement, Vs. The nominal shear strength coefficient, 
Cd, is dependent on the M/Vd ratio. When M/Vd is less than 
or equal to 0.25, then Cd is = 2.4. If M/Vd is greater than or 
equal to 1.00, then Cd is 1.2. For M/Vd values between 0.25 
and 1.00, Cd is interpolated.  

 

ynmvmmvdn fAfACV ρ+′=
 

 (10) 
 
The value of Vn shall not exceed 

eme Af'A 3806.0 ≤ for walls with values of M/Vd less 
than or equal to 0.25, the maximum value of Vn is 

eme Af'A 2504.0 ≤ for values of M/Vd greater than or 
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equal to 1.0, and the maximum value of Vn is linearly 
interpolated for M/Vd values between 0.25 and 1.0.  
  
 
New Zealand Standard 4230:2004 

 
The New Zealand Standard Design of Reinforced 

Concrete Masonry Structures (NZS, 2004) provisions for 
shear design are given in Section 10.3 for SI units. The 
design shear force from ultimate limit state loads, V*, 
shall not exceed the nominal shear strength, Vn, times the 
strength-reduction factor, ϕ, for shear of 0.75. The 
nominal shear strength is given as the specified shear 
stress, vn, times the effective area of the section, as given 
by Equation 11. The effective area, bwd, is defined as 
t×0.8Lw for in-plane loading of a fully grouted wall.  

 
dbvV wnn =   (11) 

 
The specified shear stress vn consists of a three-term 

equation, Equation 12. The first term is the contribution 
from the masonry, vm. The second and third terms are the 
contributions from any axial load, vp, and from the shear 
reinforcement, vs, respectively. The total shear stress, vn, 
may not exceed the stress limit, vg, as defined by Table 1. 
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The shear strength coefficient C1 in the masonry 

component accounts for the shear contribution from 
dowel action of the longitudinal steel and is defined as

 

300
33 y

w
f

ρ  for longitudinal reinforcing ratios greater 

than 0.07%. The shear coefficient C2 is a function of the 
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basic shear stress, vbm, are given in Table 1 as a function 
of observation type and stress condition. Observation type 
refers to the level of inspection specified during 
construction. 

 
The shear stress contribution from axial load, vp, must 

be less than or equal to 0.1f’m. In addition, the value of N* 
must be less than or equal to 0.1f’mAg. The α term 
accounts for differences in the effective location of the 
axial load in walls subjected to single or double bending 
(see Figure 1). 

 
 

Table 1. Type Dependent Nominal Strengths (f’m in MPa; from NZS, 2004) 
 
Type of stress Observation type of masonry 

C B A 

Compression,  f’m 4 12 12 

Basic shear provided by masonry,  
General conditions, vbm 

0.30 0.70 0.2 ′  

Basis shear provided by masonry in potential plastic 
hinges of limited ductile structures, vbm N/A 0.50 0.15 ′  

Basic shear provided by masonry in potential plastic 
hinges of ductile structures, vbm N/A 0 0 

Maximum total shear, general conditions, vg 0.80 1.50 0.45 ′  
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Figure 1 — Contribution of Axial Load to Wall Shear Strength (from NZS, 2004) 

 
The coefficient C3 in the vs equation is defined as 0.8 

for walls. The spacing of the shear reinforcement, s, must 
not exceed 0.5Lw for walls and not exceed 0.5d nor 600 
mm for beams and columns. A minimum area of shear 
reinforcement, defined by Equation 14, must be provided.  
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Canadian Standards Association S304.1-04 
 

The shear design provisions in the Canadian 
Standards Association Design of Masonry Structures 
(CSA S304.1, 2004) are given in CSA Section 7.10 for SI 
units and with f’m in MPa. The factored shear resistance, 
Vr, for reinforced masonry walls is given by Equation 15. 
The first two terms in the equation, accounting for the 
masonry and axial stress contributions to shear strength, 
are the same as those used for unreinforced masonry. The 
third term represents the contribution due to shear 
reinforcement. The strength reduction factor for masonry, 
ϕ m, is specified as 0.60, and the strength reduction factor 
for steel, ϕ s, is specified as 0.85. For squat walls with 
aspect ratios of between 0.5 and 1.0, the factored 
resistance must be less than or equal to bdm mƒ'4.0 φ . 
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Shing et al. 
 

Shing et al. (1990a) developed a shear strength 
prediction equation based on laboratory tests producing 
shear failures in masonry walls. Shing’s equation, given 
in Equation 16 for US Customary units, accounts for the 
shear contributions from the masonry, axial load and 
shear reinforcement. In addition, the shear strength 
contribution from dowel action of vertical reinforcement 
is accounted for by the ρvfy term in the equation. 
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yh fA
s

dL
¸
¹
·

¨
©
§ −

′− 12  (16) 

 
Anderson and Priestley (1992) 
 

Anderson and Priestley developed an empirical 
equation to predict the ultimate shear strength of masonry 
walls. Anderson and Priestley’s equation, given in 
Equation 17, includes the term b to account for the type of 
masonry used and the term k to account for strength 
degradation due to cyclic loading of walls. In US 
Customary units, the b factor is specified as 0.24 for walls 
constructed out of concrete masonry units and as 0.12 for 
clay brick walls. The k factor is based on the flexural 
ductility ratio. For a ductility ratio less than 2.0, k is 
specified as 1.0, indicating that the wall has not suffered 
significant shear strength degradation. The k factor 
linearly decreases from 1.0 to zero as the ductility ratio 
increases from 2.0 to 4.0. When the flexural ductility ratio 
has reached a value of 4.0, the masonry has endured 
significant degradation and the masonry contribution is 
assumed to be negligible.  

s
dfAPwtfkbV yhhmn 5.025.0 ++′=  (17) 
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SHEAR WALL TEST DATA 
 

Available results from laboratory tests of masonry walls 
failing in shear were collected from researchers from around 
the world. Much of the data was collected previously by 
NERHP (2000) and Voon (2007). All 56 of the selected 
walls were fully grouted, subjected to in-plane shear loading, 
and the failure mode was determined to be shear. The data 
set include walls constructed of clay masonry and concrete 
masonry resulting from tests performed by Shing et al. 
(1990a), Matsumura (1987), Sveinsson et al. (1985), and 
Voon and Ingham (2006). The Shing et al. and Voon and 
Ingham walls were loaded in single bending. The Matsumura 
and Sveinsson wall specimens were loaded in double 
bending, resulting in an effective wall height, he, equal to half 
of the actual wall height.  

 
The effective wall aspect ratio, he/Lw, of the selected 

specimens varied from 0.57 to 2.0. The masonry 
compressive strength f’m, values were between 2190 psi to 
4554 psi. The horizontal and vertical reinforcing ratios 
ranged from 0 to 0.0067 and from 0.0015 to 0.0115, 
respectively. The axial stresses on the wall specimens 
varied from 0 psi to 437 psi. The reported displacement 
ductility, µ, ranged from 0.95 to 6.26. Detailed 
information for the wall tests are given in Davis (2008).  

 
ANALYSIS 
 
Interpretation of Shear Equations 

 
To facilitate the evaluation of the effectiveness of the 

various code provisions and strength predication 
equations, consistent definitions of the equation variables 
were used. In addition, one set of units was also used for 
performing the comparisons (US Customary units were 
chosen). In some cases, the original equations were 
modified to accommodate the consistent definitions of the 
variables. However, the resulting predicted shear 
strengths and allowable shear stresses are consistent with 
those produced by the original equations.  

 
The Mu/Vudv term in the MSJC equations was 

replaced with the ratio of the effective wall height to the 
wall length, he/Lw. The effective wall height takes into 
account whether the wall is loaded in double bending or 
single bending. The variable Pu was also replaced with the 
level of axial stress, σn, multiplied by the wall cross-
sectional area, An, defined as wall thickness, t, times the 
total wall length, Lw. The area of shear reinforcement, Av, 
was relabeled as Ah. The spacing of the shear 
reinforcement, s, was relabeled as sh. The yield stress in 
the shear reinforcement was labeled fyh, rather than fy. The 
variable dv, which is defined by MSJC as the actual depth 
of a member in the direction of shear considered, was 
relabeled as the wall length, Lw.  

 

The MSJC ASD shear provisions utilize allowable 
stresses rather than nominal strengths. The allowable 
stresses incorporate additional safety factors for 
application to service loads. In addition, the MSJC ASD 
provisions specify that, depending upon the level of 
service loads, either the masonry alone or the shear 
reinforcement alone must provide the needed shear 
capacity. Since design service loads are not applicable to 
the reported failure loads, the ASD masonry design stress 
and the shear reinforcement design stress were each 
determined separately. A corresponding allowable shear 
force was then calculated by multiplying the specified 
allowable shear stress, Fv, by the applicable wall cross-
sectional area, An, and then compared to the reported 
shear failure loads from the laboratory tests. 

 
The UBC WSD shear provisions are the same as the 

MSJC ASD shear provisions, and thus these provisions 
were not considered in the evaluations. Variables in the 
UBC SD provisions were modified as follows. The 
variable Amv in the UBC equations is the net area of the 
wall and was relabeled as An. The term in the shear 
reinforcement contribution, Amvρnfy, was relabeled as 
Ah(Lw/sh)fyh.  

 
The masonry, axial load and shear reinforcement 

contributions to shear strength in NZS 4230:2004 are 
specified in terms of stresses. The nominal shear strength 
is then obtained by multiplying the total shear stress by 
the effective wall area, td. The axial load term N* was 
relabeled as is the applied axial stress, σn, multiplied by 
the wall cross-sectional area, An. Several variables in the 
shear contribution were relabeled: Ah for Av, fyh for fy, and 
sh for s. The NZS 4230:2004 is written for SI units. In 
order to utilize the NZS tables and figures, all calculations 
were first determined in SI units, and the resulting design 
strength was then converted into US Customary units.  

 
The shear provisions in CSA S304.1-04 include the 

term Mf/Vf dv to account for wall aspect ratio. Similar to 
the change made for the MSJC, this term was replaced 
with the ratio of the effective wall height, he, to the 
effective wall depth, d, defined as the distance from the 
compression face of wall to the extreme vertical 
reinforcement but not less than 0.8Lw. The variable bw is 
equivalent to t, and dv was relabeled as d. The axial force 
Pu was represented as the applied axial stress, σn, 
multiplied by a nominal area, An. The γg variable is equal 
to 1.0 for fully grouted walls, so this variable thus drops 
out for the walls considered. As before, Ah is equivalent to 
Av, and s is equivalent to sh. The ϕ factors were removed 
from the equations in order to compare a nominal strength 
to another nominal strength without application of 
material resistance factors. Finally, CSA provisions are 
specified in SI units, and in order to use US Customary 
units, a 083.0

1  conversion factor was applied to all terms 

with mƒ' .  
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The only changes in the shear strength prediction 
equation developed by Shing et al. were associated with 
changes in the subscripts of the variables while 
maintaining the same definition. The yield stress in the 
reinforcement was taken as fyv for vertical reinforcement 
and fyh for horizontal reinforcement, instead of fy used in 
the original equation. The wall area, A, in Shing’s 
equation is relabeled as An, L is relabeled as Lw, and s is 
relabeled as sh in the adapted equation. 

 
The wt terms in the Anderson and Priestley equation 

were replaced with An, maintaining the same meaning. The 
axial load term P, was exchanged with σnAn. The horizontal 
spacing was defined with a sh term rather than s. 

 
The equations used to determine the masonry, axial 

load, and shear reinforcement contributions as specified 
by the various code provisions and strength prediction 
equations are summarized in Table 2.  

 

Statistical Evaluations 
 
All of the various code and proposed equations were 

evaluated based on how well they predicted the reported 
shear capacities of the walls. The first method explored 
for evaluating the effectiveness of the various equations 
was a statistical evaluation and comparison. The ratio of 
test strength to the predicted strength (Vtest/Vn) was 
calculated for each of the walls in the compiled data set. 
A ratio of one indicates that the equation perfectly 
predicted the wall shear capacity. A value greater than 
one means that the equation is conservative, and a ratio 
less than one indicates that the equation is unconservative. 
For the MSJC ASD equations, the ratios should be larger 
than one because they include a factor of safety for 
application to design using service loads. Table 3 lists the 
mean, standard deviation, coefficient of variation, 
minimum value, maximum value and 5th percentile value 
obtained for each of the various code and predicted 
strength equations. The fifth percentile values were 
calculated assuming a normally distributed data set.  

 
Table 2. Shear Prediction Equations 
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Table 3. Statistical Comparisons of Design Equations 
 

`  
 
 

The mean values from the MSJC SD and Shing 
equations are the closest to 1.0, indicating that these 
equations provide the best predictions of mean shear 
strength. The MSJC ASD mean values exceed 8.5, which 
is higher than would be expected even taking into account 
the additional factor of safety present with allowable 
stress design. The smallest standard deviation value, and 
therefore least varying equation, is the MSJC SD, with the 
CSA, Shing, and the NZS equations also having low 
values. The coefficient of variation (COV) was also 
calculated to quantify the true scatter. The lowest COV 
values are for the MSJC SD and the CSA. The COV 
values for the MSJC ASD equations are among the 
largest, indicating significant variation in the accuracy of 
the ASD equations.  

 
The fifth percentile value is the ratio whereby 95 

percent of the walls failed at loads equal to or higher than 
are predicted by code or proposed equation. The fifth 
percentile value for the MSJC SD provisions is 0.88, which 
is above the material resistance factor value of ϕ = 0.8 
specified by the MSJC. The fifth percentile values for the 
UBC, NZS, and CSA equations are also at or above 0.8.  

 
As an overall assessment of the statistics shown in Table 

3, the best performance of the various code and proposed 
equations is obtained using the MSJC SD equation. 

 

Test Parameter Evaluations 
 
After performing the statistical evaluations and the 

general behavior of the equation was better understood, 
plots were created to isolate the effects of individual 
specimen parameters. These plots illustrate the 
relationship between a particular variable and the ratio of 
test strength to predicted strength by the various code and 
predictive equations. The parameters evaluated were 
masonry compressive strength (f’m), amount of shear 
reinforcement (ρhfyh), level of axial compressive stress 
(σn), amount of vertical reinforcement (ρvfyv), 
displacement ductility (µ), and wall aspect ratio (he/Lw).  

 
The ideal design equation will have data points 

aligned along the horizontal line of Vtest/Vn =1.0. This 
situation is the result of an equation that predicts the test 
value accurately and handles the isolated parameter 
correctly. Data scatter and bias are measures of the 
effectiveness of the predictive equation to account for the 
effects of the parameter. The more scatter, the less 
accurate the equation is at predicting strength. A bias, 
meaning a trend to increase or decrease as the parameter 
varies, indicates that the equation is not accounting for the 
variable properly. A negative bias indicates that the 
equation over-predicts the effects of the parameter, and a 
positive bias means that the equation under-predicts the 
effects of the parameter. The test parameter evaluations 
are grouped according to the code or predictive equation 
being evaluated and are shown in Figures 2 through 9. 

 
 
  

Mean Standard 
Deviation

Coeff. Of 
Variation 

Minimum 
Value

Maximum 
Value

5th 
Percentile

MSJC SD/ 
NEHRP 1.16 0.17 0.15 0.77 1.55 0.88

MSJC ASD Vm 8.51 2.09 0.25 3.83 13.65 5.08

MSJC ASD Vs 9.62 4.59 0.48 3.99 24.71 2.07

UBC 1.51 0.37 0.25 0.86 3.11 0.90

CSA 1.50 0.22 0.15 0.96 1.95 1.16

Shing et al. 1.12 0.24 0.21 0.54 1.66 0.72

NZS 1.38 0.26 0.19 0.85 2.05 1.01

Anderson and 
Priestley 1.35 0.40 0.30 0.82 2.28 0.69

Shear Equation
Vtest/Vn
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Figure 2 — Effectiveness of MSJC SD Shear Provisions 
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Figure 3— Effectiveness of MSJC ASD Vm Shear Provisions 
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Figure 4 — Effectiveness of MSJC ASD Vs Shear Provisions 
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Figure 5 — Effectiveness of UBC SD Shear Provisions 
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Figure 6—- Effectiveness of NZS Shear Provisions 
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Figure 7 — Effectiveness of CSA Shear Provisions 
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Figure 8 — Effectiveness of Shing Shear Prediction Equation 
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Figure 9 — Effectiveness of Anderson and Priestley Predictive Equations 
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The best code and predictive equations to account for 
the effects of varying values of f’m on shear strength are 
obtained using the MSJC SD provisions and the Shing 
predictive equation. Both equations produce the least 
scatter and the smallest bias. The MSJC SD, Shing, NZS 
and the CSA equations all reasonably account for the 
effects of varying amounts of shear reinforcement on 
shear capacity. The MSJC SD and Shing equations 
provide the best at accounting for the effects of axial 
loading on shear strength. The MSJC SD is the most 
accurate equation for predicting for the effects of varying 
vertical reinforcement, even though the MSJC SD 
equation does not have a vertical reinforcement term in 
the equation. Further, the performance of the NZS and 
Shing equations are less favorable despite explicitly 
including the contribution of vertical steel. The best 
equations for predicting the effects of displacement 
ductility level, μ, are the MSJC SD and Shing equations, 
both of which do not incorporate a μ value. The Anderson 
and Priestley and the NZS equations include a μ term and 
yet displayed significant bias. The NZS equation is the 
best at accounting for wall aspect ratio on shear strength, 
exhibiting virtually no bias and small scatter. The MSJC 
SD and the UBC equations are also successful in 
accounting for the effects of wall aspect ratio; however 
the UBC has a slight positive bias, and the MSJC SD has 
a slight negative bias.  

 
The MSJC SD equation is the best predictor of shear 

strength for four of the six variables examined. It is also 
one of the top predictive equations for the other two 
variables considered. Overall, it demonstrates the best 
performance of the code and predictive equations 
evaluated to account for the effects of the various 
parameters considered in the evaluation.  

 
The MSJC ASD equation considering only Vm, given 

in Figure 3, has a significant positive slope as the 
parameter ρhfyh is increased, with resulting ratios of 
Vtest/Vpredicted reaching 12 and higher. This trend reflects 
that this equation is increasingly conservative when 
additional shear reinforcement is added. The MSJC ASD 
equation considering only Vs, given in Figure 4, has a 
significant negative slope as the parameter ρhfyh is 
increased. For small amounts of reinforcement, the 
resulting ratios of Vtest/Vpredicted reach 20 and higher. These 
observations indicate the need to simultaneously consider 
shear contributions from both the masonry and shear 
reinforcement rather than choosing one or the other.  
 
SUMMARY AND CONCLUSIONS 
 

This research investigated the effectiveness of eight 
different code provisions and proposed design equations 
for predicting the strengths of fully grouted masonry walls 
failing in shear under in-plane loading. Shear data used in 
this research was collected previously by NEHRP (2000) 
and by Voon (2007) and consisted of fifty six walls 
constructed of either concrete or clay masonry, all of 

which were fully grouted. Variables encompassed by the 
specimens included different masonry compressive 
strengths, reinforcement ratios, axial loads, displacement 
ductility and wall aspect ratios. These six variables were 
isolated and evaluated to determine which equations best 
accounted for the selected parameters. The ratios of test 
strength to predicted strength were analyzed statistically 
for each provision or equation. The mean, standard 
deviation, coefficient of variation, minimum value, 
maximum value, and fifth percentile were determined and 
compared. The ability of each equation to account for the 
effects of the various wall test parameters was also 
evaluated in terms of scatter and bias. Based on the 
performance of each equation in the statistical analysis as 
well as in the test parameter analysis, the most accurate 
equation was selected. Recommendations were then made 
for improving the effectiveness of the existing MSJC 
shear design provisions. 

 
Results from this study of the effects of various wall 

parameters indicate that it is appropriate to combine the 
shear contribution from the masonry with that resulting 
from the shear reinforcement. Considering only either the 
masonry or the shear reinforcement contribution, as is 
specified by the current MSJC ASD provisions, results in 
inaccuracy and is overly conservative.  

 
The wall parameter evaluation shows that several of 

the design equations performed well for a particular 
parameter despite not explicitly incorporating that 
parameter in the equation. The MSJC SD provisions 
performed well with respect to the displacement ductility 
level and amount of vertical reinforcement, even though 
these parameters are not included in these provisions. 
Further, other equations which include these parameters 
do not perform as well as the MSJC SD provisions.  

 
Results from this study show that the MSJC ASD 

provisions produce more conservative predictions of 
performance when compared to the results of the strength-
based provisions. Some of this is due to the safety factor 
incorporated for performing service load design. 
However, even considering this additional safety factor, 
the results obtained using the MSJC ASD are overly 
conservative.  

 
Of the code and predictive equations considered in 

this study, the MSJC SD provisions provide the best 
results. The MSJC SD provisions produce one of the 
lowest mean values as well as the lowest standard 
deviation and best coefficient of variation when compared 
to the other equations. The MSJC SD provisions also 
produce the least amount of scatter and smallest bias in 
terms of accounting for the effects of the wall variables on 
shear strength. 
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RECOMMENDATIONS 
 

Among the code and proposed shear design equations 
evaluated in this study, the MSJC SD provisions were 
shown to be the most accurate. However, there are aspects 
of these provisions in which improvement can be made.  

 
The current MSJC SD equation for the nominal shear 

strength is shown in Equation 26.  
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 The provisions do not take into account the potential 
for loss of masonry shear strength in plastic hinging 
regions. While this study did not provide clear indication 
of the effects of displacement ductility on shear 
performance, it is proposed that Equation 26 be modified 
to include an α factor applied to the first term in the 
equation (associated with the shear strength of the 
masonry) to account for strength degradation in plastic 
hinging regions. The proposed α factor has a value of 1.0 
for wall ductility ratios of 2.0 or less, and it decreases 
linearly to zero as the ductility ratio increases from 2.0 to 
4.0, as shown in Figure 10. The definition of α and the 
approach for accounting for strength degradation in 
plastic hinging regions is the same as that proposed by 
Anderson and Priestley (1992). The proposed nominal 
shear strength equation is given as Equation 27.  
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(27) 

 
As in the current MSJC provisions, the nominal shear 

strength by the proposed Equation 27 shall not exceed the 
limits given by Equation 28 for Mu/Vudv ratios of less than 
or equal to 0.25 and by Equation 29 for Mu/Vudv ratios 
greater than or equal to 1.0. The limit shall be interpolated 
for ratios between 0.25 and 1.0.

  

 
 

Figure 10 — Ductility Reduction Factor α 

 (28) 

 

 (29) 
 
Based on the results obtained in this study, it is 

recommended that the current MSJC ASD provisions be 
modified. Specifically, it is proposed that the ASD shear 
provisions be based on the proposed SD provisions but 
with a factor of safety to reflect allowable stress design 
using service loads. Based on the load and resistance 
factors specified for shear design in the current MSJC SD 
provisions, a factor of safety of 2.0 is proposed in addition 
to the safety factor associated with utilizing allowable 
steel stresses in the reinforcement. An additional change 
proposed for the MSJC ASD provisions is to modify the 
area term used to calculate shear stresses. Rather than 
using the gross area (bd), the net area (An) shall be used, 
as given in Equation 30. The proposed allowable shear 
stress is given by Equation 31, which includes 
contributions from both the masonry and the shear 
reinforcement, rather than the existing condition of using 
either the masonry or the shear reinforcement 
contribution. The allowable shear stress provided by the 
masonry, Fvm, is computed using Equation 32. The 
masonry term also includes the axial load contribution 
which is not present in current MSJC ASD provisions. 
The ½ factor in the equation provides the factor of safety 
of 2.0 proposed for allowable stress design. The 
contribution to the allowable shear stress provided by the 
horizontal shear reinforcement, Fvs, is computed using 
Equation 33. This equation incorporates the specified 
allowable stress in for the reinforcement (Fs), which 
provides the safety factor for allowable stress design 
associated with the steel contribution.  

bd
V = f v  (30) 

 
vsvmv FFF +=    (31) 
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The Fv value from Equation 31 shall not exceed the 

limits given by Equation 34 for M/Vdv ratios of less than or 
equal to 0.25 and by Equation 35 for M/Vdv ratios greater 
than or equal to 1.0. The limit shall be interpolated for ratios 
between 0.25 and 1.0. These limits mimic the strength design 
limits with two changes: the limits are in terms of stress, and 
a safety factor of 2.0 has been incorporated.  
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mv fF ′≤ 2  (35) 
 
Lastly, for walls whose height is greater than their 

length, it is recommended that hw replace dv in the shear 
design equation.  

 
Future Work 
 

The scope of this research involved fully grouted 
masonry walls subjected to in-plane loading. Additional 
research on partially grouted walls would substantially 
enrich the current findings. In addition, exploration into 
the shear behavior of walls subjected to out-of-plane 
loading is needed. Finally, shear design provisions for 
masonry beams as well as unreinforced masonry walls 
should also be evaluated.  
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NOTATIONS 
 
A  = the net horizontal cross-sectional area 
Ae  = effective cross-sectional area of masonry 

based on the minimum bedded area of 
hollow units plus any grouted area 

Ah  = area of a single horizontal reinforcing steel 
bar 

Amv  = net area of masonry section bounded by 
wall thickness and length of section in 
direction of shear force considered 

An  = net cross-sectional area of a member 
As  = area of nonprestressed reinforcement 
Av  = area of shear reinforcement within a 

distance, s 
Av  = cross-sectional area of shear reinforcement 
b  = coefficient to account for the type of 

masonry used in construction 
b  = effective width of rectangular section or 

width of flange for T and I sections 
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b  = width of section 
b’  = width of web in T or I section 
bw  = effective web width 
bw  = overall web width 
C1, C2, C3  = shear strength coefficient  
Cd  = nominal shear strength coefficient 
d  = distance from compression face of flexural 

member to centroid of longitudinal tensile 
reinforcement 

d  = distance from compression face to extreme 
tension bar 

d  = distance from extreme compression fiber to 
centroid of tension reinforcement 

d  = distance from extreme compression fiber to 
centroid of longitudinal tension 
reinforcement, but needs not be less than 
0.8Lw for walls and 0.8h for prestressed 
components 

d’  = the distance of the extreme vertical steel 
from the edge of a wall 

dv  = actual depth of a member in direction of 
shear considered 

dv  = effective depth for shear calculations, 
which need not be taken as less than 0.8 Lw 
for walls 

f’m  = compressive strength of masonry  
Fs  = allowable tensile or compressive stress in 

reinforcement 
Fv  = allowable shear stress in masonry 
fv  = calculated shear stress in masonry 
fy  = yield strength of the steel 
fyh  = yield strength of horizontal reinforcing 

steel 
h’  = effective height of wall 
he  = effective wall height in the plane of applied 

loading 
hw  = total wall height 
In  = moment of inertia of net cross-sectional 

area of a member 
j  = ratio or distance between centroid of 

flexural compressive forces and centroid of 
tensile forces of depth, d 

k  = ductility coefficient 
L  = the horizontal length of a wall 
Lw  = horizontal length of wall, in direction of 

applied shear force 
lw  = wall length 
M  = maximum moment at the section under 

consideration 

Mf  = factored moment 
Mu  = factored moment 
N*  = design axial load in compression at given 

eccentricity 
Nu  = factored compressive force acting normal 

to the shear surface that is associated with 
the Vu loading combination case under 
consideration 

Nv  = compressive force acting normal to the 
shear surface 

P  = axial load 
Pd  = axial compressive load on the section under 

consideration, based on 0.9 times dead load 
plus any factored axial load arising from 
bending in coupling beams where 
applicable 

Pu  = factored axial load 
Q  = first moment about the neutral axis of an 

area between the extreme fiber and the 
plane at which the shear stress is being 
calculated 

s  = spacing of horizontal shear reinforcement 
t  = wall thickness 
V  = total design shear force 
V*  = design shear force at section 
vbm  = basic type-dependent shear strength of 

masonry 
Vf  = shear under factored loads 
vg  = maximum permitted type-dependent total 

shear stress 
Vn  = nominal shear strength 
vn  = total shear stress corresponding to Vn  
Vr  = factored shear resistance 
Vu  = factored shear force 
w  = wall width (length) 
α  = angle formed between lines of axial load 

action and resulting reaction on a 
component 

γg  = factor to account for partially grouted walls 
or columns or ungrouted walls and 
columns when calculating shear resistance 

ρn  = ratio of distributed shear reinforcement on 
plane perpendicular to plane Amv 

ρv  = the ratio of the vertical steel  
σc  = axial compressive stress 
ϕ  = strength-reduction factor 
ϕm  = resistance factor for masonry 
ϕs  = resistance factor for reinforcing bars 
  



 

60  TMS Journal December 2010 

 



TMS Journal December 2010  61 

Performance of Poor-Quality Indigenous Brick Walls  
Strengthened by GFRP 

 
Ghassan K. Al-Chaar1 

 
INTRODUCTION 
 

Masonry construction in many developing countries 
uses materials that are not fabricated to specifications 
and testing as stringent as those in developed countries. 
This construction typically uses mortar that is stronger, 
but indigenous bricks that are weaker than those used in 
the United States. However, these weaker masonry walls 
can be reinforced to improve their shear strength and 
seismic performance.  

 
A study was performed at the U.S. Army Engineer 

Research and Development Center – Construction 
Engineering Research Laboratory (ERDC-CERL) to 
evaluate the effectiveness of two different composite 
reinforcement systems that are surface-applied to walls to 
improve seismic performance. In-plane cyclic load tests 
on three double-wythe panels and out-of-plane cyclic load 
tests on 19 double-wythe narrow wall sections were 
conducted. A bare (unimproved) wall and narrow wall 
sections, and walls and narrow wall sections strengthened 
with glass fiber reinforced polymer (GFRP) were tested. 
The two GFRP systems tested were SikaWrap Hex 100G 
and Saint Gobain Tech-Feb Super FibaCrete (SFC). 
Problems to be addressed were the lack of adequate in-
plane shear strength to resist lateral loads and the lack of 
minimum reinforcement within the walls. Also, various 
other masonry specimens were tested to determine the 
basic material properties of the component materials. The 
test results were analyzed and documented, and 
recommendations were made, including design detailing. 
 
LITERATURE SEARCH 
 
During the two past decades, researchers have 
investigated how to strengthen existing masonry brick 
walls to meet new seismic performance requirements. In 
general, the subjects of those studies were existing walls 
that were well specified and well built at the time of 
construction, but not sufficient to resist the demand. This 
research, however, addressed brick walls of poor quality 
and inconsistent methods of construction, which is the 
norm in many developing nations. 
 
 
1 Structural Engineer, U.S. Army Engineer Research and 

Development Center – Construction Engineering 
Research Laboratory, Champaign, IL,  

 Ghassan.K.Al-Chaar@usace.army.mil 

ElGawady constructed half-scale, single-wythe walls 
using half-scale hollow clay brick masonry units. The 
investigation found that the increase of the ultimate in-
plane lateral strength of each specimen was positively 
influenced by the axial rigidity of the GFRP 
reinforcement material applied (ElGawady, Pierino, and 
Badoux 2007). Almusallam conducted in-plane cyclic 
loading tests on masonry infill walls repaired and 
strengthened with GRP in reinforced concrete frames. The 
results show increases in the strength and ductility of the 
walls, as well as up to three times the deformation 
capacity (Almusallam and Al-Salloum 2007). 

 
Korany tested full-size wall panels under out-of-

plane monotonically increasing uniform lateral pressure 
using an airbag. Significant increases in ultimate capacity, 
energy absorption, and deformability were achieved for 
various reinforcing schemes compared with the behavior 
of the corresponding unreinforced walls. Despite the 
absence of a post-peak plateau in the load-displacement 
response, GFRP reinforced walls showed significant 
capability to accommodate large displacements and 
absorb energy through elastic deformations before failure 
(Korany and Drysdale 2006). Velazquez tested four half-
scale slender masonry walls under cyclic out-of-plane 
loading using an airbag system and found that the strength 
and deformation capacity of the retrofitted walls were 
significantly enhanced. (Velazques-Dimas, Ehsani, and 
Saadatmanesh 2000).  

 
Erdal tested full-scale masonry walls in out-of-plane 

cyclic tests. The results showed that the out-of-plane 
strength and ductility were increased by approximately 
factors of 2 and 4.25, respectively (Erdal 2009). 
Mossallam tested the out-of-plane behavior of full-scale 
masonry walls reinforced with glass and carbon fiber 
reinforced polymer (FRP). The reinforcement increased 
the ultimate capacity of the walls by up to 12 times, and 
significant increases in the stiffness and ductility were 
also observed (Mossallam 2006). 

 
Experimental investigations by Hamed and 

Rabinovitch (2007) showed that the use of externally 
bonded FRP laminates provided up to a fiftyfold increase 
in the strength of a masonry wall for out-of-plane tests. 
The bonded laminates also enhanced the ductility of the 
strengthened masonry wall and provided it with the ability 
to dissipate energy through cracking of the joints without 
collapsing. Velazquez tested two half-scale single-wythe 
unreinforced masonry (URM) walls under out-of-plane 
cyclic loading. It was determined that the strength and 
ductility of URM walls can be substantially enhanced 
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through retrofitting with glass fabric composite strips 
(Velazquez, Ehsani, and Saadatmanesh 1998). Berman, 
Al-Chaar, and Dutta constructed 100 triplet samples using 
three standard brick units each. In testing that included 
any normal load component, the application of FRP 
increased the shear capacity as compared with the bare 
specimens. The presence of a normal load below 12.5 
percent produced a general increase in the shear capacity, 
followed by a shear failure of the brick/mortar surface. 
The application of FRP increased the ultimate 
displacement for the pure shear loading case. However, 
when normal loads were introduced, no clear trend in the 
ultimate displacement was evident (Berman, Al-Chaar, 
and Dutta 2002). 
 
MATERIAL PROPERTIES 
 
Bricks 
 

Specimens were built using brick manufactured in 
Mexico in order to emulate construction materials used in 
developing countries. Indigenous bricks in developing 
countries are often of poor quality due to material 
irregularities and manufactured using a non-uniform or 
under-specified firing temperature. Figure 1 shows a 
single brick. The fired clay unit consists of softer material 
than that used in the United States. The average actual 
dimensions were 8.78 in. long, 2.88 in. high, and 4.41 in. 
wide (223 mm long, 73 mm high, and 112  mm wide). 
The bricks contained cavities on the top surface, 
measuring on the average 5.95 in. long, 2.25 in. wide, and 
1 in. deep (151 mm long, 57 mm wide, and 25 mm deep). 
Compressive strength tests of the brick were performed in 
accordance with ASTM C67. The average flat-wise 
compressive stress for the units was 766 psi (5,281 kPa).  
 
Mortar 
 

To emulate indigenous mortar, S-type mortar without 
the lime was used. It had a mix ratio of one part Type I 
Portland cement to four parts sand as an aggregate, and as 
much water as judged necessary by the mason to attain a 

proper consistency. Compressive strength tests of six 
mortar cubes were performed according to ASTM C109. 
The average mortar cube compressive stress was 
3,617 psi (24,940 kPa). 

 

 
Figure 1—Single Brick Unit 
 
SikaWrap Reinforcement 
 

The two types of glass reinforcement used were 
SikaWrap Hex 100G and Saint Gobain Tech-Feb Super 
FibaCrete (SFC). These two types of reinforcement were 
chosen for their material properties, including their 
Young’s modulus, which is close to that of the wall 
specimens. Table 1 lists the materials used for the 
SikaWrap FRP system and their proportions, and the 
material properties of the SikaWrap are listed in Table 2. 
To apply the SikaWrap, wall panels and wall strip 
specimens were cleaned with a wire brush, washed, and 
allowed to dry. Sikadur 300, a two part epoxy consisting of 
polyoxypropylenediamine and an epoxy resin, was mixed 
and Cab-O-Sil TS-720, a treated fumed silica powder, was 
added to the resin until the mixture became thick enough to 
apply to a vertical surface. This thickened epoxy mixture 
was then troweled onto two sides of each specimen. After 
the resin had been given time to begin to gel (1-2 hrs), 
sheets of 27 oz/yd2 (915 g/m2) unidirectional fiberglass 
(E-glass) were applied to the surfaces (Figure 2). Where 
two sheets were spliced together, a minimum 6 in (15 cm) 
of overlay was applied. Each sheet was then coated with 

 
Table 1. Materials Used for SikaWrap GFRP ( 1 oz. = 28.35 g, 1 sq. yd. = 0.836 m2, 1 gal. = 3.79 L) 
Material Proportion Remarks 
Sikadur 300 Epoxy Part A: (Proprietary Epoxy Resin)  

Part B: Polyoxyproplyenediamine  
Thixatrope Cabosil TS720 (approx 4 gals. for all the specimens) 
Reinforcement 27 oz./ sq. yd. unidirectional E-Glass  
 
Table 2. Material Properties of SikaWrap with Epoxy Matrix (1 oz. = 28.35 g and  1 ksi = 6.89 MPa) 

FRP System 
Orientation

(deg) 
Number 
of Plies 

Average 
Ultimate 

Strength (ksi) 

Average 
Modulus of 

Elasticity (ksi) 
27-oz. Unidirectional Glass Reinforced Epoxy  0 1 62.06 1773 
27-oz. Unidirectional Glass Reinforced Epoxy  0 2 69.83 1365 
27-oz. Unidirectional Glass Reinforced Epoxy 90 1  3.41 1001 
27-oz. Unidirectional Glass Reinforced Epoxy 90 2  2.72 1052 
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Sikadur 300 epoxy until it became saturated, and the 
samples were allowed to dry overnight.  
 
Saint Gobain Reinforcement 
 

Table 3 lists the proportions of materials used in the 
Saint Gobain glass grid system. The system consisted of a 
coated Saint Gobain glass grid (Figure 3) from a 30 in. 
roll by Saint Gobain Technical Fabrics and a cementitious 
Quikwall binder manufactured by Quikrete. 100 pounds 
(45 kg) of CEMSHIELD Strengthening Reinforcement 
Grid (SRG) (Quikrete Quikwall), 1 gal (3.8 L) of 
CEMSHIELD SRG liquid (Quikrete Concrete acrylic 
fortifier), and 2.5 gal (9.5 L) of clean water were mixed 
using a paddle mortar mixer. The liquid components were 
added first, and the Quikrete Quikwall was added last. 
The specimens were cleaned, washed, and thoroughly 
dampened prior to application. The cementitious material 
was applied on two sides of each specimen by trowel to a 
thickness of 1/8 to 1/4 in. (0.32 to 0.64 cm). The Saint 
Gobain glass grid was pressed in a vertical orientation 
into the wet cementitious material, and another layer of 
the cementitious material was troweled on top of the grids 
to provide a smooth surface finish. For the large wall 
specimens, an additional layer of glass and cementitious 
material was used. At the butt joints where two separate 
sheets of Saint Gobain glass grid met, the edges of the 
sheets were overlapped 4 to 6 in (10 to 15 cm).  

 

 
 

Figure 2 — SikaWrap Fabric  

 
 

Figure 3 — Coated Saint Gobain Glass Grid 
 

Each test specimen was allowed to cure for 30 days. 
Upon completion of the Saint Gobain application, the 
Quikwall material that extended beyond the edges of the 
specimens was removed using a Sawsall with a masonry 
blade and a grinder. This ensured that the vertical load 
during testing was applied on the cementitious wall 
substrate and not on the SFC system itself. 
 
Prism Compressive Strength 
 

Prisms were constructed of three bricks with 0.5 in. 
of mortar between them, as shown in Figure 4. 
Compressive strength tests for the prism samples were 
performed according to ASTM E447-84. For these tests, 
the grooves were filled with mortar and the compressive 
strengths were calculated based on the gross cross-
sectional area. Four bare (unreinforced) prisms, two 
prisms reinforced with Saint Gobain Cement, and two 
prisms reinforced with SikaWrap were all tested to obtain 
the composite section mechanical properties of each case. 
The GFRP was applied to the prisms using the same 
procedure as the other specimens. The test determines the 
f'm values, which can be used to calculate the expected 
strength of the other specimens. The average f'm values 
for the bare prisms, prisms with Saint Gobain Cement, 
and prisms with SikaWrap were 489 psi, 462 psi, and 
737 psi (3,372 kPa, 3,185 kPa, and 5,081 kPa), 
respectively. The Young’s modulus, E, of the 0 series was 
1.3 x 106 psi (8.3 GPa).  

 

Table 3. Saint Gobain Glass Cement-Base System ( 1 lb = 0.453 kg and 1 gal.  = 3.79 L) 
Material Proportion Remarks 
Cementitious Material Quikrete Quikwall  About 165 lb for all specimen 
Fortifier Quikrete Concrete Acrylic Fortifier  About 2 gal and water 
 Water 2.5 gal 
Reinforcing Saint Gobain SRG grid  
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Figure 4 — Prism Before Testing 
 
TEST SPECIMENS 
 

Two sets of wall specimens were built. The first set 
consisted of three double-wythe walls that measure about 
67 in. long, 60 in. high, and 9 in. thick (1,700 mm long, 
1,520 mm high, and 230 mm thick), built on reinforced 
concrete base beams and capped with reinforced concrete 
header beams to transfer the lateral load over the entire 
wall during in-plane testing. The second set consisted of 
25 double-wythe wall narrow sections 11 courses high, 
used for out-of-plane testing. Every set of wall specimens 
comprised three series:  
 

• Series G: for walls upgraded with unidirectional 
SikaWrap reinforcement on both sides. 
 

• Series C: for walls upgraded with Saint Gobain 
cement-based GFRP on both sides. 
 

• Series 0: for bare walls used for comparison. 
 
The specimens for in-plane testing were built with 

every stretcher course topped by a header course, totaling 
18 courses. The top and bottom courses were designed to 
be partially embedded in the concrete beams to prevent 
failure at the interface surfaces. Figure 5 shows 
configuration details. 

 
The specimens used for out-of-plane testing consisted 

of 25 specimens of a double-wythe narrow wall section 
with 11 courses. The horizontal cross sectional area was 9 
x 9 in. (230 mm x 230 mm) and the height was 36 in. 
(914 mm). Six narrow wall sections (two from each 
series) out of the 25 were tested under pure compressive 
load, i.e., zero lateral load. The purpose of these six tests 
was to determine the maximum compressive stress values 
for each series and to apply percentages of these values on 
the 19 other specimens tested under out-of-plane cyclic 
load combined with a percentage of the vertical stress at 
failure. Figure 6 shows specimens tested under out-of-
plane cyclic loading.  
 

   
Figure 5 — Bare Wall (left), Saint Gobain Cementitious GFRP System (center), and SikaWrap GFRP System (right) 

  

Figure 6 —  Representative Specimens of All Series Tested Under Out-of-Plane Cyclic Load Combined with Various 
Levels of Vertical Loads, Bare Specimen (left), Saint Gobain Cementitious GFRP System (center), and SikaWrap 
GFRP System (right) 
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TEST SETUP 
 

For the in-plane tests, a steel frame (Figure 7) was 
fitted with a horizontal steel header beam running north to 
south, attached to two 50-kilopound (kip) (220-kN) 
vertical actuators to apply axial pressure to the specimen. 
A 100-kip (450-kN) actuator was fixed horizontally to a 
reaction structure and attached to the horizontal header 
beam at the south end. 

 
The out-of-plane testing frame consisted of a steel 

frame, the same 100-kip (450-kN) actuator fixed horizontally 
to a shear bearing wall at the west end of the frame, two 
vertical 50-kip (220-kN) actuators fixed to the top of the steel 

frame, and supports at the east end of the frame. Figure 8 
shows a sketch of the out-of-plane test setup. 

 
Test specimen notation was defined using three 

characters followed by a number. The first two letters 
designate the main loading direction: either pure 
compression, in-plane, or out-of-plane (CM, IP, or OP, 
respectively). The next character designates the 
reinforcement: 0 for Series 0 (bare specimens not 
reinforced), C for Series C (specimens with SFC 
cementitious FRP applied on both sides), and G for Series 
G (specimens with SikaWrap FRP applied on both sides).  

 

 

 
Figure 7 — Loading Frame for In-Plane Tests 

 

 
Figure 8 — Sketch of the Out-of-Plane Test Setup 



66  TMS Journal December 2010 

The California Universities for Research in 
Earthquake Engineering (CUREE) method was used for 
the tests on the brick wall models. Other methods were 
considered, including the ACI Acceptance Criteria for 
Moment Frames Based on Structural Testing, the Applied 
Technology Council 24 (ATC-24) Guidelines for Cyclic 
Seismic Testing of Components of Steel Structures, the 
Scientific Advisory Committee (SAC) Basic Loading 
History for Beam-to-Column Assemblies, and the 
Structural Engineers Association of Southern California 
(SEAOC) Standard Method of Cyclic Load Test for Shear 
Resistance of Framed Walls for Buildings. The CUREE 
method was chosen because it incorporates trailing cycles 
into the loading history. This enables the force-
displacement relationship to stabilize before reaching the 
next primary cycle. Although the SEAOC method also 
included similar cycles, the total number of cycles needed 
to complete this test would have caused too much damage 
to the test specimens. 

 
The CUREE loading history is based on the results of 

nonlinear dynamic analysis of representative hysteretic 
systems subjected to ordinary and near-fault ground 
motions. The loading history is comprised of initiation, 
primary, and trailing cycles. Initiation cycles are executed 
at the beginning of the load history. They serve to check 
loading equipment, measurement devices, and the force-
deformation response of the test specimen. Primary cycles 
are of larger magnitude than all of the previous cycles and 
are followed by trailing cycles, which have amplitudes 
equal to 75 percent of the preceding primary cycle and 
allow the force-displacement relationship to stabilize 
before the next primary cycle. All cycles are based on a 
reference deformation, ∆, which is the maximum 
deformation the test specimen is expected to sustain 
according to a prescribed acceptance criterion. To reach 
3 in. of displacement, 40 cycles were required by this 
loading protocol. The loading history was modified to 
meet the appropriate test duration and loading rate as 
shown in Figure 9.  

RESULTS 
 

This section discusses the experimental results for the 
in-plane and out-of-plane tests. The in-plane tests are 
discussed first, followed by the compressive tests results. 
The maximum value of the compressive tests was used as 
a baseline to determine the vertical load necessary to 
achieve a desired percentage of stress for each case of 
out-of-plane cyclic loading. Finally, the out-of-plane 
results are discussed and compared. 

 
The three in-plane wall tests were conducted using a 

predetermined vertical stress corresponding to a design 
load of 15 kips (67 kN). Table 4 lists the dimensions, 
configuration, and the desired vertical pre-loading value. 

 
Specimen IP-02 
 

This specimen was tested supplementally with four 
steel 6in. x 6 in. hollow structural tubes to directly load 
the upper and lower corners of the wall. Figure 10 shows 
the specimen before and after testing.  

 
The first indication of damage was spalling observed 

on a single brick along one of the diagonals. “X” shear 
cracks formed as the wall deformed under increased 
cyclic loading. Spalling of brick units occurred in many 
places. One edge of the wall failed under the vertical load 
and collapsed. 

 
From the load displacement curves shown in light 

grey, the backbone curve shown in bold was developed 
(Figure 11). The backbone curve was developed by 
drawing a single line through the intersecting points of the 
first cycle and each increasing displacement cycle. 
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Figure 9—Modified CUREE Loading History Used for All Lab Specimens 
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The maximum stress value reached in the 
unimproved (bare) specimen was 19.4 psi (134 kPa) at a 
displacement of 0.4 in. (10 mm). The maximum 
displacement value reached was 2.4 in. (61 mm), which 
corresponds to the stress value of 11.1 psi (76.5 kPa). 

The maximum stress value on the backbone curve is 
17.5 psi (121 kPa), which corresponds to a displacement 
value of 0.25 in. (6.4 mm).  

 

 
Table 1.  Geometric Properties of the Walls and Their Design Stress 
(1 in = 25.4 mm, 1 psi = 0.00689 MPa) 

 Length, l 
(in) 

Thickness, t
(in) 

Area, A
(in2) 

Vertical Stress at 
15 kips * (psi) Height, h (in)

Wall IP 02 67.75 9 609.75 24.6 60 
Wall IP C1 67 9 603 24.9 60 
Wall IP G1 66 9 594 25.3 60 

* 15 kips design load 
 

  
a. Wall prior to testing. b. Wall after testing. 

Figure 10 — Specimen IP-02 Before and After Testing 
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Figure 11 — Specimen IP02 Hysteresis Curve for Load Versus Displacement and Backbone Curves  
(1 psi = 0.00689  MPa and 1 in. = 25.4 mm) 
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Specimen IP-C1 
 
As the first wall was tested, issues with the loading 

setup and test protocol were identified, and adjustments 
were made, which are explained in detail in the following 
paragraphs. Because of the changes, three test runs were 
actually carried out on this specimen. Figure 12 shows the 
specimen during and after testing. 
 
1st Run 

 
The first test run was performed without the corner-

loading steel tubes. All load transfer from the loading 
beam to the wall had to occur through shear between the 
concrete loading beam and the brick. Because the GFRP 
overlay reinforcement system was not bonded to the 
concrete loading beam, the GFRP did not contribute to the 
transfer of load. Because of this, a weak shear plane 
existed, and horizontal shear failure in the top brick 
course was observed. This mode of failure is not desirable 
because the GFRP wrap is not effective in this section, 
and test results will not capture the contribution of the 
overlay wrap system. No damage occurred other than 
debonding of the wall from the load beam. The maximum 

value of stress reached in this run was 19.3 psi (133 kPa) 
at a displacement of 0.1 in. (2.5 mm). The maximum 
displacement value reached was 1.8 in. (46 mm), which 
corresponds to a stress of 13.4 psi (92 kPa). 
 
2nd Run 

 
To prevent the shear failure seen in the 1st run from 

occurring, four corner-loading steel tubes were added to 
load the wall at the upper and lower corners, and to force 
the failure in the wrap-reinforced section. In this test, 
which is considered to be the test that accurately 
represents wall behavior under shear load, the wall 
became unbonded from the top and bottom load beams 
and rocked as a solid unit under cyclic loading. Corner 
cracks were observed at the toe. Figure 13 shows the 
stress/displacement curve. The maximum value of stress 
reached was 23.0 psi (159 kPa) at a displacement of 
1.4 in. (36 mm). The maximum displacement value 
reached was 1.5 in. (38 mm), and the corresponding stress 
value was 18.8 psi (130 kPa). The maximum stress value 
on the backbone curve was 23.1 psi (159 kPa), which 
corresponds to a displacement value of 1.4 in. (36 mm). 
 

 

  

a. IP-C1 specimen during cyclic testing showing uplift 
as specimen rocks (with loading tubes at corners). 

b. IP-C1 specimen after monotonic loading and after 
removing the unsound brick along the failure surface. 

Figure 12 — Specimen IP-C1 During and After Testing 
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Figure 13 — IPC1 Cyclic with Backbone Curve 
(1 psi = 0.00689  MPa and 1 in. = 25.4 mm) 

Figure 14 — The Modes of Failure for IP-C1 Specimens 
(1 psi = 0.00689  MPa and 1 in. = 25.4 mm) 
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3rd Run 
 
The purpose of this run was to load the specimen to a 

higher level of deformation to induce shear failure in the 
GFRP wrap. A single monotonic horizontal displacement 
to failure was used. Horizontal shear failure developed in 
the wrap at the 15th course on one side of the wall only. 
The data for the stress versus displacement was acquired, 
graphed, and plotted (Figure 14). The maximum stress 
achieved was 31.7 psi (219 kPa) at a displacement of 
2.0 in. (51 mm).  
 
Specimen IP-G1 
 

Two runs were performed on this specimen to match 
Runs 2 and 3 of specimen IP-C1. 

 
1st Run 

 
This run was performed under cyclic loading with 

steel tubes in place to directly load the top and bottom 
corners of the specimen, as described previously. The 
wall displaced in rocking behavior under cyclic load 

(Figure 15a), and corner cracks were observed. Figure 16 
shows the stress/displacement hysteresis. The maximum 
value of stress reached was 21.7 psi (150 kPa) at a 
displacement of 0.2 in. (5 mm). The maximum 
displacement value reached was 1.3 in. (33 mm), which 
corresponds to a stress of 19.8 psi (137 kPa). The 
maximum stress value on the backbone cure was 21.1 psi 
(145 kPa), which corresponds to a displacement value of 
0.1 in. (2.5 mm). 
 
2nd Run 
 

The purpose of this run was to load the specimen to a 
higher level of deformation in order to induce shear 
failure in the GFRP overlay. A single monotonic 
horizontal displacement to failure was used. This wall 
was also tested with the corner-loading steel tubes in 
place. A horizontal shear failure developed through the 
GFRP at the 15th course on one side of the wall but not 
the other (15b). Figure 17 shows the stress/displacement 
curve. The maximum stress achieved was 36.4 psi 
(251 kPa) at a displacement of 1.6 in. (41 mm).  

 

 

 

 
a. IP-G1 Wall during cyclic testing shown uplift as the 

specimen rocks (with loading tube steel beam at the 
corners). 

 b. IP-G1 Wall after monotonic loading follow the above 
cyclic testing. Horizontal shear failure underneath the 
FRP is evident. 

 

Figure 15 — Specimen IP-G1 During and After Testing 
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Figure 16 — IPG1 Stress/Displacement Hysteresis with 
Backbone (1 psi = 0.00689  MPa and 1 in. = 25.4 mm) 

 Figure 17 — IPG1 Stress/Deformation Under Monotonic 
Loading (1 psi = 0.00689  MPa and 1 in. = 25.4 mm) 
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Initial tests of both IP-G1 and IP-C1 (in-plane) walls 
showed a weakness in the joint between the concrete 
beam and the masonry. Proper detailing is important to 
ensure that the load is properly transferred through the 
GFRP. The test fixture was modified to apply loading to 
the edge of the top and bottom two courses of masonry. 
Figure 18 shows a recommended construction detail that 
incorporates steel dowels into the masonry and bonds 
beams continuously with the slabs in order to exploit the 
strength of the composite overlays. 

 
Table 5 lists maximum stresses and displacements for 

all in-plane testing, as well as maximum stresses 
calculated from the Uniform Building Code (UBC) and 
American Concrete Institute (ACI). These stresses were 
calculated without the factors of safety used in the codes 
to find the expected capacity of the specimens. As shown 
in the table, the actual strength of the specimens was 
greater than the stress from the codes. This shows that the 
code is very conservative, even without the factors of 
safety, and that the materials used satisfy the code 
requirements. The Saint Gobain overlay increased the in-
plane strength of the wall by 18.6 percent and the 
SikaWrap increased the shear strength by 11.9 percent. A 
comparison of the maximum stresses from the backbone 

curves shows that the Saint Gobain and SikaWrap yielded 
at strengths 32 percent and 20.6 percent higher than the 
bare wall, respectively. Also, it is worth noting that the 
maximum displacement of the Saint Gobain GFRP 
occurred at a higher value than the SikaWrap. 

 
Experimental results for compression tests on narrow 
wall sections with and without GFRP 

 
Two bare specimens of narrow wall sections, two 

specimens reinforced with Saint Gobain cement-based 
GFRP, and two specimens reinforced with SikaWrap 
GFRP were tested under pure compressive load in the 
out-of-plane loading frame described previously. The first 
bare specimen failed with cracks in the 10th course, 
starting a diagonal plane of failure through the 5th course. 
The second specimen failed by spalling, vertical cracking, 
and crushing. The specimens with Saint Gobain cement-
based GFRP developed small cracks and failed by end-
crushing and delamination of the GFRP. The specimens 
with SikaWrap developed vertical cracks, delamination, 
and crushing of the masonry. Table 6 lists maximum 
loads and stresses for these laboratory specimens. As 
expected, both types of GFRP improved the compressive 
strength of the narrow wall sections. 

 
Figure 18 — Proposed Design Section Details in the Construction 

 
Table 5.  Summary of Maximum Stress and Displacement (1 psi = 0.00689 MPa, 1 in = 25.4 mm) 

Specimen 

σmax 
(psi) 

analytical 
per UBC 

σmax 
(psi) 

analytical 
per ACI 

σmax 
(psi) 

actual 

dcorresponding 
(in.) 

dmax 
(in.) 

σcorresponding  
(psi) 

Backbone Curves 

σmax 
(psi) 

dcorresponding

 (in.) 

O2 13.64 12.16 19.4 0.4 2.4 11.1 17.5 0.25 

C1 (1st Run) 13.55 12.08 19.3 0.1 1.8 13.4 N/A  
C1 (2nd Run) 13.55 12.08 23.0 1.4 1.5 18.8 23.1 1.4 
C1 (3rd Run) 13.55 12.08 31.7 2.0 2.0 31.7 N/A  

G1 (1st Run) 13.42 11.97 21.7 0.2 1.3 19.8 21.1 0.1 
G1 (2nd Run) 13.42 11.97 36.4 1.6 1.6 36.4 N/A  



TMS Journal December 2010  71 

Experimental results for the out-of-plane cyclic load 
tests on wall specimens with and without GFRP 

 
The results of the compressive tests were used to 

determine the compression loads to be used for the 
horizontal cyclic load tests. Figure 6 shows specimens 
tested under out-of-plane cyclic load combined with 
vertical loads. Table 7 lists the values of the failure loads 
for the compressive tests of the narrow wall sections and 
the various vertical load levels selected to be tested in 
combination with the horizontal cyclic loads.  

 
Six specimens (two of each series) were tested for 

out-of-plane load resistance under a low-level vertical 
load combined with horizontal cyclic loading. This 
2.0 kips (9 kN) vertical load corresponds to the stress 
level of the wall specimens tested under a vertical design 
load of 15 kips (67 kN). Low-level vertical loads are 8.4 
percent of the crushing load for bare specimens, 6.3 
percent for Saint Gobain specimens, and 6.0 percent for 
SikaWrap specimens.  

 

Specimens 07 and C6 were tested differently than all 
of the other specimens, i.e., under stroke control for the 
vertical actuators. This change was done to see the 
difference in behavior of the specimens to the different 
loading protocol. Because of this, the results cannot be 
compared easily with load control specimens. Under 
stroke control, the loading system does not allow the 
loading device to move, therefore the force increases. 
Under load control (under which all of the other tests 
were conducted) the actuator is allowed to move to keep 
the vertical load constant. Under stroke control, the 
vertical load increased significantly under cyclic load due 
to the arching action. As the hinge formed in the center 
and the specimen began to rock, the actual vertical 
dimension of the specimen increased. Failure for 
specimen C6 initiated with a loss of the FRP bond at the 
mortar joint located below the middle course. The FRP 
continued to delaminate on both sides of the specimen 
between the 8th and 11th courses. The ultimate failure 
was crushing of the masonry at the loading point in the 
center of the specimen. Specimen 07 had spalling at the 
7th course and gradually crushed under higher levels of 
cyclic loading.  

 
Table 6. Summary of Pure Compression Tests Forces and Stresses 

(1 kip = 4.45 kN, 1 ksi = 6.89 MPa) 

Specimen Max. Force 
(kips) 

Average Forces  
in Each Series 

(kips) 

Max. Stress 
(ksi) 

01 24.884 
23.963 0.296 

02 23.042 
C1 37.265 

31.746 0.392 
C2 26.227 
G1 35.468 

34.500 0.426 
G2 33.533 

 

Table 7.  Selected Vertical Loads for Out-of-Plane Testing (1 kip = 4.45 kN) 

Specimen 
Crushing 
Load, P 
(kips) 

Average Crushing 
Load, P  

in Each Series 
(kips) 

Vertical Load on The Narrow Wall Specimens Subjected to 
Out-of-Plane Cyclic Loads (kips) 

Low Level of 
Crushing Load * 

25% of 
Crushing 

Load 

50% of 
Crushing 

Load 

75% of 
Crushing Load

01 24.884 
23.963 2.00 5.99 11.98 17.97 

02 23.042 
C1 37.265 

31.746 2.00 7.94 15.87 23.81 
C2 26.227 
G1 35.468 

34.500 2.00 8.63 17.25 25.88 
G2 33.533 

* This range corresponds to the stress level of the shear wall specimens tested under a vertical design load of 15 
kips. Low level vertical loads are 8.4% for bare specimens, 6.3% for cement base FRP, and 6.0% for glass FRP. 
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Summary of Out-of-Plane Tests of Wall Specimens 
 
Figure 19 plots a sample stress/deformation hysteresis 

for one test specimen. Table 8 lists the maximum stresses, 
their corresponding displacements, the maximum 
displacements, and their corresponding stresses for all out-
of-plane tests. Table 8 also includes the maximum stresses 
calculated from the UBC and ACI codes. Similar to the 
previous calculations (shown in Table 5), the factors of 
safety were removed from the calculations, and the stresses 
from the codes are much lower than the actual strength of 
the specimens. This again shows the suitability of the 
reinforced masonry as a building material that satisfies the 
U.S. code requirements. Table 8 and Figure 20 summarize 
the maximum shear stresses of the narrow wall sections 
associated with the percentage of failure load applied 
axially. The curves in Figure 20 were plotted assuming a 
linear relationship between the data points. The Saint 
Gobain series had better performance, but the appearance 

of SikaWrap may put it at a disadvantage because of its 
artificial look. The maximum lateral shear stresses for the 
C- and G-series occurred at a vertical stress of 75% f'm , 
while for the 0-series the maximum lateral shear stress 
occurred at a vertical stress of 50% f'm . In the case of the C- 
and G-series, the GFRP provided some confinement for the 
masonry, which held the surface together and allowed for 
higher compressive forces at the surface. At the expected 
service loads, the Saint Gobain showed a 47.7 percent 
shear-stress improvement, and the SikaWrap showed a 163 
percent shear-stress improvement compared with the bare-
brick specimen. At 75% of the maximum compressive 
stress, the Saint Gobain and SikaWrap systems increased 
the out-of-plane shear strength by 37.6 percent and 53.4 
percent, respectively compared to the unreinforced 
specimen. Table 9 lists maximum shear stresses for all 
series under various vertical loading, for comparison. 
 

 

 
Figure 19 — Hysteresis of OP-04 Specimen (1 psi = 0.00689 MPa and 1 in. 25.4 mm) 
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Figure 20 — Axial Stress Versus Maximum Stress for Out-of-Plane Specimens  
(1 psi = 0.00689 MPa and 1 in. 25.4 mm) 



TMS Journal December 2010  73 

Table 8. Summary of the Maximum Stresses and Their Corresponding Displacements and Maximum Displacements 
and Their Corresponding Stresses for All Out-of-Plane Tests  (1 psi = 0.00689 MPa, 1 in. = 25.4 mm) 
 

 % of f'm 

σmax  
(psi) 

analytical per 
UBC 

σmax  
(psi) 

analytical 
per ACI 

σmax  
(psi) actual 

dcorresponding  
(in.) 

dmax  
(in.) 

σcorresponding  
(psi) 

0-series 
04 8.4% 6.05 5.39 30.1 2.3 2.4 15.8 
06 8.4% 6.05 5.39 29.9 2.0 2.0 25.9 

010 25% 10.15 9.50 66.5 1.7 2.4 44.2 
07 (Stroke CTL) 50% 16.32 15.66 100.6 1.1 2.4 62.6 

09 50% 16.32 15.66 87.0 0.84 0.86 86.3 
011 75% 22.48 21.82 100.4 0.44 0.45 93.8 
012 75% 22.48 21.82 61.4 1.27 1.3 47.0 

C-series 
C3 6.3% 6.05 5.39 46.6 0.3 1.3 25.2 
C4 6.3% 6.05 5.39 42.0 0.13 0.19 38.0 

C6 (Stroke CTL) 25% 12.16 11.50 150.1 2.2 2.3 146.3 
C7 25% 12.16 11.50 83.9 1.9 2.0 79.2 
C8 50% 20.32 19.66 92.6 0.3 0.45 51.4 
C5 75% 26.61 26.60 114.8 0.4 0.5 104.7 

G-series 
G3 6% 6.05 5.39 86.5 0.5 1.2 36.6 
G4 6% 6.05 5.39 71.1 0.77 0.78 64.7 
G6 25% 12.86 12.21 122.4 0.7 1.6 56.6 
G5 50% 21.74 21.08 130.1 0.4 0.6 100.3 
G7 50% 21.74 21.08 117.5 0.4 1.1 33.1 
G8 75% 30.61 29.95 127.9 0.3 0.6 110.6 

 
 
 

Table 9. Maximum Shear Stresses for All Series Under Various Vertical  
Loading (1 psi = 0.00689 MPa) 
 

Max. Shear Stress Associated With % Axial Stress (psi) 
 % of Max. Compression Stress (psi) 

Series ~7% 25% 50% 75% 100% 
0 30 66.5 87 83.4 0 
C 44.3 83.9 92.6 114.8 0 
G 78.8 122.4 123.8 127.9 0 
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SUMMARY AND CONCLUSIONS 
 
This work conducted compression testing of brick 

prisms with and without two GFRP overlay systems to 
determine their compressive strength. Results are: f'm = 
489 psi, 462 psi, and 737 psi (3,372 kPa, 3,185 kPa, and 
5,081 kPa), for the 0-, C- and G-series, respectively. The 
Young’s modulus E of the 0 series was 1.3 x 106 psi 
(8.3 GPa). 

 
The maximum in-plane shear capacity was 

determined by testing 67 in. x 60 in. x 9 in. (1.7 m x 1.5 m 
x 0.23 m) specimens in cyclic horizontal shear with a 
constant in-plane vertical load. The bare wall maximum 
shear strength was 19.4 psi (134 kPa). The Saint Gobain 
cementitious GFRP system increased the in-plane shear 
strength by 18.6 percent. The SikaWrap GFRP system 
increased the in-plane shear strength by 11.9 percent 
(Table 5). 

 
Double-wythe test specimens 11 units tall were tested 

in combinations of constant axial compression and 
increasing cyclic horizontal shear with and without the 
two GFRP systems applied to resist bending in the 
direction of the horizontal loading. The maximum out-of-
plane shear capacity for the bare wall was 30.0 psi (207 
GPa). The Saint Gobain cementitious GFRP system 
increased the in-plane shear strength by 47.7 percent. The 
SikaWrap GFRP system increased the in-plane shear 
strength by 162.7 percent (Table 9).  

 
The Saint Gobain system showed higher in-plane 

shear strength and lower out-of-plane shear strength than 
the SikaWrap system. The matrix for the SikaWrap was 
stronger in tension and therefore increased the moment 
resistance for the out-of-plane specimens significantly. 

 
Out-of-plane resistance to shear and bending were 

significantly improved using the GFRP systems. At the 
expected service loads, the Saint Gobain and SikaWrap 
systems increased the out-of-plane shear strength of wall 
strips by 47.7 percent and 163 percent, respectively. At 
75% of the maximum compressive stress, the Saint 
Gobain and SikaWrap systems increased the out-of-plane 
shear strength by 37.6 percent and 53.4 percent, 
respectively compared to the unreinforced specimen. 

 
Designers should check reports by the International 

Conference of Building Officials (ICBO) on both GFRP 
systems used in this study to ensure that they pass the 
applicable fire rating in the interior face of walls. (Flame-
spread coatings must satisfy fire code requirements.) 
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NOTATIONS 
 
A = Area 
dcorresponding = Corresponding displacement 
dmax  = Maximum displacement 
E  = Young’s modulus 
fa = Applied compressive stress 
f’jt = Compressive strength of mortar 
f’m = Compressive strength of masonry prism 
f’ut = Flatwise compressive strength of units 
fv = Applied shear stress 
h = height 
l = length 
P =  Crushing load 
t = thickness 

 = Displacement of wall 
σcorresponding = Corresponding stress 
σmax  = Maximum stress 
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Stochastic Bayesian Calibration of Finite Element Models of Masonry 
Vaults 

 
Sezer Atamturktur and Thomas Boothby 

 
INTRODUCTION 
 

Historically significant unreinforced masonry 
buildings are present in great numbers in the urban 
centers of the United States. In some cases, these 
buildings have been built century's earlier using methods 
that are only now being understood, while in others they 
have been built within the last century, using engineering 
principles and procedures similar to those in use today. 
Larger scale masonry buildings include additional 
features, such as arches and vaults, which are used to span 
horizontally in load-bearing structures. The vaults are 
usually ribbed, consisting of small stones, bricks, or clay 
tile forming a very thin sheet called the web of the vault, 
while ribs made of brick or cut stone are used to reinforce 
the intersection of the webs of the vault. The gravity load 
from massive vaults is resisted by large piers, usually 
composed of ashlar facing over a rubble core. Lateral 
loads due to thrust of the arches and vaults, or due to wind 
loading, are resisted by exterior buttresses. In particularly 
tall buildings, these buttresses are arched, as flying 
buttresses (Figure 1). The accurate assessment of 
unreinforced masonry buildings is made difficult by 
variability in construction techniques and material 
properties and by uncertainty in the development of 
assessment methods for types of structures not used in 
contemporary construction. These challenges are present 
in the assessment of masonry vaults. Vaulting is a type of 
structure not used in new construction, so there are no 
prescribed methods of analysis. The materials of vaulting 
construction are generally very different from those used 
in modern construction and cannot generally be assessed 
by any simple method. The support conditions of a 
vaulted structure in place are dependent on construction 
type, load path, and the properties of materials, all of 
which are difficult to determine. As a result of these 
conditions, it is difficult to obtain a sensible assessment 
for vaulted structures. 

 
 

Because of the lack of simplified and generally 
applicable frame or grid models available for masonry 
vaults, the usual assessment procedure is to conduct some 
type of finite element (FE) modeling of the structure in 
question. However, the implementation of the FE method 
requires answers to all of the questions related to materials, 
material properties, material configuration, and support 
conditions. In conducting such an analysis, it is difficult to 
determine, without some sort of experimentation on the 
actual structure, whether the analytical model is a 
reasonable predictor of the actions of the actual structure. 
Without such assurances, it is difficult to credit an 
assessment conducted by the FE method. 

 
In the use of FE models for the analysis of 

unreinforced masonry structural systems, the model 
output must be verified by physical evidence. If the model 
output compares favorably to physical evidence, the 
model acquires credibility. However, if significant 
deviations are found, model calibration procedures may 
then be implemented. Developed over the last decade, 
model calibration procedures provide methods to improve 
poorly known model parameters. This study brings 
together various aspects of model calibration under 
uncertainty, and describes an approach to calibration 
suitable for complex vaulted historic masonry structures, 
primarily by means of an example analysis of the choir 
vaults at the National Cathedral in Washington, DC. The 
approach consists of the following three steps: 
 
1) Construction of a linearly elastic model of a portion 
of a monumental load-bearing unreinforced masonry 
structure: This model is based on observed geometry and 
construction, and includes the ribs and webbing of a 
masonry vault and its surcharge and fill. The model is a 
representation of a sub-assembly of the overall structure 
in that the supports of the vault are modeled by boundary 
conditions. Much of the effort of this study is devoted to 
the determination of the appropriate boundary conditions 
and material property values to use in analysis.  
 
2) Conducting in situ calibration experiments of 
historic masonry structures: Calibration experiments 
are tied to the uncertainties in the FE model. As the aim 
identified in the previous step is to improve the quality of 
the FE model by calibrating its parameters that are 
directly related to the stiffness distribution in the system. 
Nondestructive low amplitude dynamic testing provides a 
suitable means of obtaining this physical evidence.  
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Figure 1 — Cathedral Church of St. John the Divine, New York City. This building is constructed entirely of load-
bearing unreinforced masonry. The principal features of a gothic cathedral are visible in the transverse section on the 
left. Courtesy of the Cathedral Church of St. John the Divine. 
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3) Calibrating the FE models of historic masonry 
structures based on in situ dynamic measurements: 
This step is intended to reduce the deficiencies in the FE 
model due to imprecise model parameters by using 
Bayesian inference and ultimately reducing the 
divergence of the model from real life measurements. The 
uncertainties in the FE model will be taken into account 
by treating the model parameters probabilistically.  
 

The application of this procedure requires the selection 
of comparative features, that is, features that can be 
measured experimentally on the prototype and determined 
analytically in the FE model. In this study, the comparative 
features will consist of modal parameters, including natural 
frequencies and mode shapes of the structure. The purpose 
of this exercise is to determine, within the limits of 
experimental error, the values of calibration parameters, 
which for this study consist of material properties and 
support spring constants in lieu of boundary conditions.  

 
Determination of material properties and support 

conditions in other parts of an unreinforced masonry 
building may follow a similar procedure to those 
described in this paper. The model of any other part of the 
structure, such as the walls, requires inputs in the form of 
material properties, and the accuracy of this model 
depends similarly on the support conditions.  
 
 
BRIEF REVIEW OF RELATED 
LITERATURE 
 

The application of computerized FE method to 
masonry structures in the early 1980’s immediately raised 
questions about the validity of the solutions. Mark (1982) 
initiated one of the earliest efforts to confirm the 
predictions for masonry structures. In his studies, 
photoelastic tests on small-scaled plastic samples of Gothic 
vaults were conducted to identify stresses. These stresses 
were compared to FE model predictions to confirm the 
applicability of the FE method for the analysis of masonry 
cathedrals. Although the study was limited to representing 
masonry for mostly wind loads, Mark’s studies illustrate 
the early concerns about the reliability of the FE models for 
the analyses of historic masonry monuments.  
 

A quarter century later, the applicability of the FE 
methods to various engineering structures has been widely 
accepted. Today, commercial FE software packages have 
the ability to deliver accurate results for given inputs. 
However, the current difficulty is in entering the physically 
substantiated structural properties into the analysis. When 
dealing with unreinforced masonry systems, there are 
numerous opportunities to misinterpret the actual system, 
build an unsuitable model, and to obtain incorrect solutions. 
Research efforts to remedy these problems are found useful 
to this study, and described in the following paragraphs.  

 

The earliest model calibration activity applied to 
masonry monuments was visual comparisons of crack 
locations to analytical estimates of the tensile zones. Mark 
and Hutchinson (1986) compared the available 
information on the existing cracks of the Roman Pantheon 
against the tension region predictions of alternative FE 
models. With this approach, the authors investigated the 
most suitable modeling strategy for the Pantheon. Visual 
methods, which incorporate existing cracks, concentrated 
on a few locations in a historic masonry building and 
proved to have limited effectiveness. This approach was 
also susceptible to significant error, particularly when 
differential support settlements or long term creep were 
present in the historic masonry structure. 

 
In some structure types, the problems associated with 

visual methods have been remedied by destructive and 
nondestructive methods focusing on stress, strain, and 
deflection under artificial loading. For instance, Fanning 
and Boothby (2001) experimentally investigated the 
behavior of three masonry arch bridges under truck 
loading. The authors developed simplified models of 
these bridges, which yielded reasonable agreement with 
the field test data. Based on this analytical model, the 
authors provided guidance in the model development, 
particularly in the selection of material properties and 
abutment stiffness conditions. The methods that were 
based on in situ strain or deflection measurements, while 
successful when applied to masonry bridges, were 
impractical for larger masonry structures, such as 
masonry cathedrals due to the difficulty in loading the 
structure sufficiently to achieve a detectable response.  

 
Due to the infeasibility of obtaining a detectable 

static response from actual heritage structures, several 
researchers have attempted to examine the behavior of 
scaled laboratory test specimens. In these studies, the 
measured strain, deformation, and ultimate strength of the 
test specimen were compared to those of FE model 
predictions. For instance, Creazza et al. (2002) completed 
a set of experiments on a masonry ribbed cross-vault and 
a barrel-vault specimen. Their focus was on locations 
where maximum strain, deformations, and the collapse 
mechanism were observed. The intent of their 
experiments was to assess the reliability of the damage 
law as incorporated by the authors into the general 
purpose FE software. The authors claimed acceptable 
agreement between the FE model and test data. The 
concept of testing on scaled specimens has the potential to 
investigate the behavior of the structures in load regimes 
that cannot be tested—for instance, for collapse 
mechanisms. However, the scaled test specimens 
represent only a portion of the model and thus, this 
procedure had the drawback of overlooking the actual 
elastic restraints exerted by the adjacent elements. 
Accordingly, the alternative load paths within the 
structure were also absent from the analysis.  
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While the studies discussed so far showed some 
success in correlating the FE calculations with 
measurements, researchers in other fields thought to use 
these measurements to improve the FE models, a 
procedure known as model calibration. Mottershead and 
Friswell (1993) reviewed the developments in model 
calibration and noted that calibration techniques were 
pioneered in aeronautical and mechanical fields. Recently 
these tools have been transferred to the civil engineering 
discipline, to contemporary as well as historic structures. 

 
Sortis et al. (2005) calibrated the FE model of a two-

story stone masonry structure. The authors collected 
vibration measurements from the structure due to low 
amplitude vibratory forces induced by multiple shakers. 
The modal parameters extracted from these measurements 
were used to calibrate the Young’s modulus of the 
exterior walls of the corresponding FE model. The 
authors emphasized the dependency of vibration response 
of the structure to the excitation location. The 
discrepancies in the correlation of experimental and 
analytical modes were noted to be within the range of the 
experimental discrepancies of the frequencies obtained by 
exciting four different locations. 

 
Gentile and Saisi (2007) completed a study in damage 

detection via FE model calibration. A historic masonry 
tower, partially damaged due to extensive vertical cracks, 
was subjected to ambient vibration testing. Quantifying the 
material properties of defective structural components is a 
challenging task. Thus, the authors selected to calibrate the 
poorly known Young’s modulus values of the defective 
walls. Based on the extent of damage, the exterior walls were 
defined in six separate regions with independent material 
properties. The calibration characterized lower Young’s 
modulus values in the damaged regions compared to the 
undamaged regions—thus supporting the potential of the 
vibration based model updating methods to deliver useful 
information about the damaged state of a masonry structure.  

 
The studies on model calibration discussed so far 

were deterministic and as such, were intended to calibrate 
the parameters of a FE model through comparisons of a 
single simulation with a single experiment. These studies 
overlook the uncertainty in the model due to analysts’ 
lack of knowledge as well as the uncertainty in the 
experiments due to natural variability and are commonly 
referred as ‘deterministic model calibration’. In a group of 
other studies, researchers are able to reproduce an 
experiment with a deterministic computation by tuning 
the model parameters. Bayraktar et al., (2008), Júlio et al., 
(2008), Atamturktur and Boothby (2007), Atamturktur 
(2006), Erdogmus (2004), Jaishi et al. (2003), Arêde et al. 
(2002) and Antonacci (2001) can be listed as examples of 
such studies applied to monumental masonry structures. A 
recent review of the pertinent literature on model 
calibration as applied to masonry structures can be found 
in Atamturktur and Laman (2009). 

 

The goal of the present paper is to illustrate an 
approach to advance calibration beyond the current 
deterministic approach which requires considerations of 
uncertainty in both experimentation and modeling. In 
stochastic calibration the objective is to reach a 
statistically accurate model by formulating the input 
parameters probabilistically. Unlike deterministic 
methods, which look at a single point in a cloud, 
stochastic methods can be described as a correlation of 
two point clouds based on their center of gravity and 
density of scatter—where experimental point clouds are 
obtained from repeated physics experiments, and 
analytical point clouds are obtained from the repeated 
computer experiments (Dascotte, 2004).  
 
CALIBRATION OF FE MODELS OF 
MASONRY STRUCTURES 
 

An analytical model of a masonry structure can be 
judged to be valid based on (1) the accuracy of the 
parameters of the material model and (2) the adequacy of 
the model. Inaccuracies in the former can be remedied by 
the parameter calibration approach, while the latter can be 
remedied by the bias correction approach. In this study, 
the imprecise parameters of the FE model will first be 
calibrated against experimental measurements to improve 
the fidelity of the FE model to real life behavior. 
However, since a FE model is only a mathematical 
approximation of reality and thus inadequate to a certain 
extent, even when the best parameter values are used, a 
bias error will remain between the model predictions and 
experimental measurements. In the method used in the 
study, a separate estimate of the bias error will be made. 
Detailed theoretical background on this methodology can 
be found in Higdon, et al. (2008), and Kennedy and 
O’Hagan (2000).  
 
Physical Measurements and Comparative Features 
 

Dynamic experiments provide particularly useful 
information about the time dependent deformations, the 
frequency content, the fundamental modes of vibration, the 
propagation of the impact within the components, the 
energy dissipation characteristics, and the exponential 
decrement of the deformation of the structure. The complex 
time domain measurements seen in Figure 2 in fact carries 
large amounts of information about the structure and may 
make tracing the statistical trends difficult . Therefore, time 
domain measurements are typically condensed into lower 
dimensional comparative features.  

 
Modal parameters, such as natural frequencies and 

mode shapes, are the most commonly used comparative 
features-perhaps because of the ease of extracting modal 
parameters from measurements and numerical models. 
Although modal parameters provide a physically 
meaningful and convenient comparative feature, their use 
is limited to linearly elastic models.  
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Figure 2 — A Typical Time Response of Masonry Vaults. 
 
Bayesian Inference for Model Calibration and 
Propagation of Uncertainty  
 

In stochastic model calibration, the objective is to 
reach a statistically correlated model by formulating the FE 
input parameters probabilistically, using both forward and 
inverse uncertainty propagation. The forward propagation 
of uncertainty is commonly achieved by statistical 
sampling procedures (Figure 3).  

 
Inverse propagation of uncertainty is computationally 

more involved as it conceptually requires the model to be 
inverted. However, for real engineering solutions, the 
requirement of inverting a model is practically impossible. 
This, in the formulation adapted in this study, the inverse 
propagation of uncertainty has to be replaced by a large 
cohort of forward propagation of uncertainty via Markov 
Chain Monte Carlo (MCMC) sampling.  

 
MCMC performs a random walk in the domain defined 

by the calibration parameters (defined by 1 and 2 in Figure 
3 and Figure 4) according to the probability distribution of 
the calibration parameters (P( 1) and P( 2)). In the absence 
of better knowledge, the calibration parameters can be 
initially assigned equal probability for all possible values 
between an upper and lower limit. During the updating 

procedure, this distribution is altered, based on the 
experimental results. During each random walk, according to 
the sampled parameter values the model calculates the 
selected output response (comparative feature is defined by 

 in Figure 3 and Figure 4). The acceptance criterion for the 
sampled parameters is guided by the likelihood estimation 
(P(  | 1, 2)). That is, the current sample points (in the space 
of the calibration parameters) are rejected if they reduce the 
likelihood that the set of calibration parameters is correct. If 
the current sample points are rejected, the random walk 
returns the last accepted point and the probability distribution 
of the calibration parameters remain unchanged. However, if 
the sample points are accepted, the posterior distributions of 
calibration parameters are obtained. These posterior 
distributions of the calibration parameters become the prior 
distributions in the next random walk. According to the 
current prior samples, MCMC performs another random 
walk from to the current point (Figure 4). The mean values 
of the posterior distributions provide the most likely values 
for the material properties and support springs. These values, 
once obtained through stochastic calibration, can later be 
used in a deterministic FE study. The standard deviation of 
the posterior distributions portrays the remaining uncertainty 
in the parameter values. In principle, as the amount of 
physical evidence increases, the remaining uncertainty 
converges to the natural variability of the materials.  
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Figure 3 — The Procedure of Calibration Under Uncertainty in the Context of Bayesian Inference Operates on the 
Probability Distribution Functions (PDF). 
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Figure 4 — Combining Markov Chain Monte Carlo with the Context of Bayesian Inference Provides a Convenient 
Solution to the Inverse Propagation of Uncertainty in Model Calibration.  
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CASE STUDY: NATIONAL CATHEDRAL, 
D.C. 
 

The National Cathedral was designed and built as a 
Gothic revival cathedral, with construction beginning in 
1903. The construction technique of the Cathedral closely 
followed medieval techniques, using quarried Indiana 
limestone without reinforcement. Similarly to the 
medieval examples, the construction was interrupted 
several times over a century and the Cathedral was 
eventually completed in 1990 (Washington National 
Cathedral, 2004). The National Cathedral is vaulted with 
even-level crown fan vaults elevated above the stone 
piers. The vaults are composed of stone ribs and webbing 
and concrete fill supported vertically by stone piers, and 
horizontally by walls, and buttresses (Figure 5). This 
study focuses on one of the nominally identical fan vaults 
in the choir.  

 
FE Model Development 
 
A model is developed of the structural components above 
the springing level. The components immediately 
adjacent to the vaults, walls, surcharge, fill, and piers 
influence the structural behavior of the vaults. 
Components not in immediate contact with the vaults are 
replaced by boundary restraints. For instance, the effects 
of buttresses are replaced with linear springs exerting 
restraints on horizontal translation. 
 

Table 1 shows the possible range of material 
properties for the materials in the model of the choir 
vaults. In Table 1, the upper and lower limits for the 

material properties of Indiana Limestone and Type O 
mortar are obtained from Erdogmus (2004). The range is 
rather large because it not only represents the variability 
of the properties of the materials, but also the variability 
of the thickness of the mortar joints. The upper and lower 
limits for the material properties of concrete are estimated 
for a concrete compressive strength of 3000-4000 psi. The 
upper and lower limits for the material properties of brick 
are obtained from National Research Council (1982). 

 
Figure 6 presents the element and material types used 

in the development of the model. Only the parameters to 
which the modal parameters are sensitive can be 
calibrated when modal parameters are used as 
comparative features. Therefore, the influence of each of 
the five components on the modal parameters of the 
modeled substructure is investigated through an effect 
screening analysis. The components that are observed to 
be less influential on the dynamic response of the 
structure, such as concrete fill and brick nave walls are 
taken off the calibration parameter list and kept constant 
at their estimated mean values. The material properties of 
the structural components that are observed to govern the 
dynamic behavior of the system such as the ribs, webbing 
and piers, are parameterized as 1, 2, 3 respectively. 
Although these structural components are all built of 
limestone, their material properties are evaluated 
independently to address three issues: the potential use of 
different stone types in different structural components 
such as ribs and piers, the variations in mortar joint 
thickness observed between ribs and webbing, and the 
load dependent material behavior of stone units.  

 
 

 
 
Figure 5 — The Nave of National Cathedral, a) Section through the Nave (Courtesy of National Cathedral), b) 
Interior View of the Nave 
 

Springing level 
Buttress level 
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The modeled portions of structures are presumed to 
be elastically supported by piers and buttresses, which are 
not included in the FE model. However, the quantification 
of the physical properties of this elastic support and the 
representation of the physical properties as idealized 
boundary conditions are problematic. Because many 
physical phenomena, such as deflections, are sensitive to 
boundary conditions, their precise definitions of these 
elastic supports are crucial to obtaining an accurate FE 
model. Figure 7 presents how the boundary conditions are 
defined in the full bay model. At the springing level, the 
piers were fixed in vertical translation as well as 
horizontal translation in the longitudinal direction. The 
horizontal translation in the transverse direction, however, 
is restrained by two linear springs of which the constants 

are kept as a variable to be calibrated ( 5). The two 
springs are located at the outer edges of the pier base for 
each pier. The horizontal restraining effect of a second 
level buttresses is also represented by one linear spring, 
with an independent spring constant ( 4). 
 

The model is based on a symmetry assumption. 
Information about any potential factor whether due to 
prior damage or construction variations that may induce 
non-symmetric behavior are not available to the authors 
and therefore are not included in the model. This aspect of 
the FE model will later be observed during test-analysis 
correlation. 

 
 
Table 1. Prior Knowledge of the Material Properties of Limestone and Concrete 

Component Material Type Modulus of 
Elasticity (E) Density (d) 

Walls, Columns, 
Vault ribs & webbing Indiana Limestone and Type O Mortar 8- 21 GPa 1800-2700 kg/m3 

(112 - 168 lbs./cu.ft) 

Fill Concrete 21.5-24.8 GPa 2100-2300 kg/m3 
(131 – 143 lbs./cu.ft) 

Walls Brick 0.8 GPa 2000 kg/m3 
(124 lbs./cu.ft) 
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Figure 6 — The Full Bay Model of National Cathedral: Element and Material Types 
 
 
 

 
 
 

 
 

Figure 7 — The Full Bay Model of National Cathedral: Boundary Conditions 
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Dynamic Experiments 
 

The experimental data input to the FE model 
calibration is obtained in the form of acceleration 
response of the vaults due to impact hammer excitation 
(Figure 8). The accelerometer layout on the choir vault 
can be seen in Figure 9. Point 1 (crown), point 3 
(longitudinal rib), point 8 (diagonal rib) and point 12 
(transverse rib) are selected as the excitation locations.  
 

 
 
Figure 8 — The Hammer Operator Exciting the Crown 
of the Vaults with the Instrumented Sledge Hammer 
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Figure 9 — The Measurement Grid is Designed to 
Capture the First 15 Mode Shapes of the Structure 

 
 
The data were processed and recorded by a Dactron 

data acquisition system, manufactured by LDS Test and 
Measurement Ltd. The record length and sampling 
frequency are set at 1024 and 187.5 Hz so that the 
response of the vaults, which attenuated within the time 

frame of 5.4 seconds, is fully captured in a single time 
window. The frequency response functions (FRF) of five 
separate tests are averaged to reduce the degrading effects 
of ambient vibration. 

 
Although in theory, a linear system has a unique FRF 

at varying excitation levels, this practically never occurs. 
The main problem associated with hammer excitation is 
the inability to maintain a constant excitation across 
averaged datasets. This requires exciting at constant force 
and at a constant angle to the vibration surface. During 
the test, the typical excitation force was between 500 lb to 
700 lb. Figure 10 portrays the frequency domain response 
measurements and the coherence function obtained with 
these force levels. The area of the disagreement between 
the two FRFs is calculated to be only 5.5% of the total 
area under the average of the two FRFs over the entire 
frequency range and 4.5% over the frequency range up to 
40 Hz. 

 
In the absence of a better explanation, the calculated 

deviations from linear behavior are commonly attributed 
to the nonlinear dynamic response of the structure as well 
as to test-to-test variability. From the repeated tests, the 
test-to-test variability is quantified to be around 2%. 
Although these two aspects are not directly additive, the 
nonlinearity of the dynamic response can be accepted to 
be in the range of 5%, and thus for the purposes of this 
study, can be disregarded as long as testing involves force 
levels between 500 – 700 lb and the response levels are 
less than 0.1 g. Experiments at varying load regimes, from 
low to significantly high forces, would certainly reveal 
non-unique FRFs due to nonlinear response and must be 
handled with tools beyond linear dynamics. 
 
Selection of Comparative Features 
 

Natural frequencies and mode shapes are selected as 
comparative features. This preference, to a large extent is 
motivated by the ease of their extraction from 
measurements and ease of their calculation with the FE 
model. Nonetheless, the calibration process can be 
applied with equal success with other types of 
comparative features, such as total energy criteria, 
principal components, Poincaré maps, temporal moments, 
holder exponent and others features (Hemez, 2007, Farrar 
et al., 2007, Robertson, et al., 2003, Bartlein, 2008)  

 
From the raw time history vibration measurements, 

the first 10 modal parameters are extracted by using 
Me’Scope software. The natural frequencies for first 10 
modes are presented in Table 2, while the mode shape of 
the first axisymmetric mode is given in Figure 11. 
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Figure 10 — The Linearity Check with Varying Input Levels, a) The Magnitude FRF, b) The Phase FRF,  
c) The Coherence Function 

 
Table 2. Mean of Natural Frequencies Obtained from Excitation of 4 Different Points on the Vault 

 

Mode 1 2 3 4 5 6 7 8 9 10 
Mean (Hz) 4.94 9.60 12.3 13.9 14.5 15.9 17.4 18.6 23.1 25.2 
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Figure 11 — The Mode Shape Vector, Implemented on 
the Vault Geometry, Yields a Vertical Movement with 
Uniform Sign  
 
 
Test Analysis Correlation 

When modal parameters are used in test-analysis 
correlating, pairing of mode shapes becomes a crucial and 
often a problematic task. Difficulties arise because the 
initial FE model, as stated earlier, is imprecise thus it may 
predict the modes in the wrong sequence, it may fail to 
predict some of the modes or in the worst case, it may 
predict the modes as linear combinations of each other. 
These potential problems require careful mode tracking 
through the calibration process. 

 
Since the testing of excitations and measurements are 

primarily in a vertical direction, mode pairing can be 
simplified by focusing on the calculated modes that are 
primarily composed vertical movements. Such modes can 
be detected by focusing on the percentage of mass 
contribution to vertical movement. The modes for which 
the vertical movement constitutes 5% or less of the entire 
modal displacement are eliminated from consideration. 

 
The first 5 experimental mode shapes are paired with 

the calculated modes.  Figure 12 shows this correlation 
for the first three mode shapes, while Figure 13 shows the 
first three mode shapes. The observable deviations can be 
attributed primarily to the difficulties in vertical mounting 
of accelerometers on site, in precise placement of the 
accelerometers and in application of a purely vertical 
excitation force during tests. It is generally expected to 
have test-analysis correlation of lesser quality compared 
to those typically obtained for laboratory specimens or 
simpler structural systems. Similarly, Ramos (2007) while 
obtaining a remarkable agreement between the test and 
analysis mode shapes for a stand-alone masonry tower, 
had significant difficulties in his efforts on a historic 
vaulted structure. 

 
Another common problem during mode-shape 

pairing is aliasing, when higher-order mode shapes appear 
as lower-order mode shapes. Aliasing occurs as a result of 

the spatial incompleteness of the experimentation and 
makes the pairing of higher-order modes difficult. After 
the fifth mode, aliasing was observed to pose problems as 
higher-order modes had very similar mode shapes to those 
of the first five modes. To have credible mode pairing, the 
maximum number of paired modes is limited to five 
(Table 3).  

 

 
 
Figure 12 — Initial Mode Shape Pairing of the First 
Three Modes 



 

TMS Journal December 2010 89 

Table 3. The Experimental Modes are Matched with 
the Initial FE Modes Based on the Initial Test-Analysis 
Correlation. This FE model configuration will fail to 
match the second mode natural frequency.  
 

Experiment FE 

Mode Frequency Mode 
Frequency (min 
and max values) 

1 4.94 Hz 1 3.7 Hz 5.2 Hz 
2 9.60 Hz 2 6.3 Hz 8.9 Hz 
3 12.3 Hz 3 9.7 Hz 13.8 Hz 
4 13.9 Hz 4 10.1 Hz 14.3 Hz 
5 14.5 Hz 5 10.3 Hz 14.5 Hz 

 
 
Characterization of Modeling Parameters 
 

Once the measured and calculated modes (illustrated 
in Gigure 13) are paired, the imprecisely known 
parameters of the FE model, three material properties ( 1, 
2 and 3) and two spring constants ( 4 and 5), can be 

calibrated. Experimental information from the first 5 
modes is available in the form of natural frequencies and 
the corresponding mode shape vectors. To alleviate the 
challenges in obtaining precise mode shape vectors, mode 

shapes, are  used for mode pairing and used the 
frequencies for calibration 

 
Another point that requires judgment is in 

determination of the calibration parameter upper and 
lower bounds within which the algorithm will perform 
random walks. After a series of computer runs where the 
parameter values of each of the five calibration 
parameters are systematically varied, it is observed that 
the correct mode shape order for the first five modes is 
only obtained when the Young’s modulus values of the 
limestone and the spring constant have the right ratio. It is 
also observed that when the values of these parameters 
exceed the maximum and minimum ranges given in Table 
4, either the first mode is missed or the modes are 
predicted out of sequence by the FE model. In the absence 
of better information, the uniform probability for the 
calibration parameters is assigned. As a result, every point 
within the defined range of the parameter has an equal 
probability of being sampled. Within their predefined 
range, parameters are sampled with Latin-hypercube 
maxi-min design (Montgomery, 1997). A total of 50 
samples are generated and accordingly the FE model is 
run 50 times, at each of the parameter sets.  

 

 
 

 
Figure 13 — The First Three Modes of the Vaults: (top) Side View, (bottom) Top View. 
.  
 
Table 4. The Parameter Ranges Defined for the Preliminary Analysis 

FE Model Parameter Minimum Bound Maximum Bound Type of 
Distribution 

Young’s modulus of ribs ( 1) 2 ×109 N/m2 8 ×109 N/m2 Uniform 
Young’s modulus of piers ( 2) 6 ×109 N/m2 14× 109 N/m2 Uniform 

Young’s modulus of webbing ( 3) 1× 109 N/m2 5× 109 N/m2 Uniform 
Stiffness constants of spring (K1) 2× 107 N/m 8 ×107 N/m Uniform 
Stiffness constants of spring (K2) 5 × 107 N/m 15 × 107 N/m Uniform 

 
 

 

Mode 1 Mode 2 Mode 3 
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Figure 14  illustrates the posterior distribution functions 
for the calibration parameters. The entire function is 
estimated by 50,000 MCMC accepted random walks in a 
five-dimensional parameter domain. The figure shows  
marginal probabilities of each parameter on the main 
diagonal and the bi-variate distributions in the off-diagonal 
boxes. Table 5 lists the mean and standard deviation inferred 
from the posterior distributions of Figure 14  

 
The propagation of uncertainty during calibration has 

been completed based on the premise that the calibration 
parameters are independent and uncorrelated. However, 
when such a relation is present between any of the 
parameters, the model calibration can converge to a 
numerically viable but physically incorrect solution. The 
bi-variate posterior distributions of calibration parameters 
can verify this a priori assumption. For instance, The figure 
depicts that there is no strong correlation or dependency 
between any components.  

 
In the present study, the posterior distributions show 

that material properties for limestone are in fact variable for 

piers, ribs, and webbing. Generally, the piers are observed 
to be considerably stiffer than the ribs and the webbing. 
This can be explained by the lower percentage of mortar in 
the assembly due to the larger masonry units and less 
frequent mortar joints. Also, piers are expected to have 
lower stresses because of their larger cross sectional area, 
and as a result, the nonlinear stress-strain relationship of 
masonry would yield a higher Young’s modulus for low 
stress levels. Piers being primarily under compression, are 
expected to have minimal cracks compared to the ribs and 
webbing of the vaults. It is quite plausible that the webbing 
has the least Young’s modulus among all three components 
built out of limestone. Webbing, because of its double 
curvature and difficulty of construction, has the greatest 
proportion of mortar and the greatest propensity to crack. 
Overall, the coefficient of variation appears to be relatively 
low for a random, hand-assembled material. This can be 
explained by the low-amplitude vibration experiments 
which only excite the masonry behavior with impact forces 
varying between 500 -700 lb. 

 

 
Figure 14 — The Bi-Variate Joint Distribution of the 5 Calibration Parameters; T1: Young’s Modulus for 
Limestone of the Ribs, T2: Young’s Modulus for Limestone of the Piers, T3: Young’s Modulus for Limestone 
of Vault Webbing, T4: Spring Constant for the Flying Buttresses, T5Spring Constant for the Pier Tops 

 
 

Table 5. The Mean and Variance of Posterior Distributions of the Calibrated Parameters 
 

FE Model Parameter Mean Standard 
Deviation 

Coefficient of 
Variance 

Young’s modulus of ribs ( 1) 4.9× 109 N/m2 0.38 × 109 N/m2 0.08 
Young’s modulus of piers ( 2) 11.4 × 109 N/m2 1.4 × 109 N/m2 0.12 
Young’s modulus of webbing ( 3) 2.8 × 109 N/m2 0.36 × 109 N/m2 0.13 
Stiffness constants of spring ( 4) 5.4 ×107 N/m 0.85 ×107 N/m 0.16 
Stiffness constants of spring ( 5) 11.8 ×107 N/m 1.2 ×107 N/m 0.10 
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Once the uncertainty in the FE model inputs is 
reduced, by default, the uncertainty in the FE model 
outputs is also reduced. When the mean values of the 
calibration parameter posterior distributions, as given in  

 
Table, are entered into the FE model, the model 

predicts the first five natural frequencies with improved 
fidelity (Table 6). However, even at the best-calibrated 
parameter values, some discrepancy remains between the 
measurements and FE solutions. The “bias,” described 
with the discrepancy term, is due to the potentially many 
sources of error in the model which cannot be remedied 
by solely calibrating the selected five parameters. It is 
always possible that parameters that are in need of 
calibration are overlooked. For instance, the symmetry 
assumption and assigning a single variable for all spring 
constant is perhaps  too strict of an assumption and 
relaxing this assumption may yield improved agreement 
between the FE model and physical evidence. Also, the 
success of the study can certainly be improved by 
increasing the fidelity of the geometry of the FE model to 
the geometry of the structure.  

 
If further improvements and refinements in the 

calibration are needed, the posterior distributions, 
provided in Table 6, could be used in a refined, follow-up 
calibration study, perhaps with a larger amount of 
experimental information. Also, including higher order 
modes may enable us to better define the probability 
distributions of the calibration parameters. 

 
 

Table 6. The FE Model at the Mean Values of the 
Posterior Distributions Provide an Improved 
Correlation of Natural Frequencies. 
 

Experiment Finite Element 
Mode Frequency Mode Frequency

1 4.94 Hz 1 5.1Hz 
2 9.61 Hz 1 8.8 Hz 
3 12.3 Hz 3 13.5 Hz 
4 13.9 Hz 4 14.0 Hz 
5 14.5 Hz 5 14.3 Hz 

 
 
CONCLUSIONS 
 

For the analysis of the behavior of a vaulted masonry 
structure in the linear range, modal parameters, such as 
frequencies and mode shapes can be obtained by 
experimental and analytical methods. The comparison of 
the analytical and experimental results yields immediate 
information on the quality of the analytical model. The 
differences between the two results may incorporate 
variations in the elastic constants of the materials used, 
the geometry of the structure, and the support conditions 
of the vaults or other portions of the structure.  

 

The variation between the experimental and 
analytical results can be reduced by a semi-automated 
process of parameter updating, which takes account of the 
natural variability of the parameters sought. This process 
of stochastic model updating, uses random walks through 
the space of acceptable parameters to find the probability 
distribution of these parameters.  

 
 The proposed procedure of stochastic model 

updating was found to effect a considerable improvement 
in experimental/analytical correlation for the choir vaults 
of the National Cathedral, Washington, DC. In the 
example studied, this procedure was able to find values of 
elastic constants with a relatively small coefficient of 
variation and to result in an updated structural model with 
dynamic characteristics very similar to the prototype 
structure.  

 
 Although the vulnerability of masonry structures 

has long been known through experience, structural 
analysis guidelines are still unavailable in literature. As 
engineers seek to use FE model predictions for more and 
more ambitious applications, calibration of similar models 
will gain importance.  

 
The in situ testing of an existing building yields 

useful information about the characteristics of the 
structure, which needs to be integrated with analytical 
results, derived from computerized FE tools. Although 
experimental measurements are incomplete in the sense of 
their spatial resolution, they are indispensable for model 
calibration and can ultimately yield a reliable 
mathematical representation of the structural behavior. 
Model calibration must be approached as an effort to 
improve the predictive ability of the analytical model 
through improving the precision of the parameters in the 
model. Model calibration ultimately offers tools by which 
engineers can improve the credibility of the computer 
models and their model-based decisions. 

 
Although the immediate benefits of stochastic model 

calibration are not as obvious in civil engineering as they 
are in fields where prototyping and mass production are 
common, the determination of the modeling strategies 
learned through model calibration can ultimately serve the 
civil engineering community with an improved 
understanding of computer modeling. For instance, the 
calibrated FE models will help engineers to better 
understand the behavior of historic monuments and 
ultimately pursue successful repair and retrofit schemes. 
We believe that, the ever-increasing popularity of FE 
model calibration in civil engineering will eventually 
result in the practical applications of this discussed 
method to a diverse group of structures.  
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APPLICATION NOTE 
 

At the present state of the development of this 
technique and the equipment used to execute this 
technique, it is not expected that a similar analysis will be 
undertaken for the assessment of every building of this 
type. On the other hand, this study and others have 
demonstrated the absolute need to complete a sensible 
correlation between analytical and observable results in 
the assessment of a structure as complex as a vaulted 
masonry structure. It is reassuring that the results of the 
present study show plausible values of the material 
parameters selected for study, and show that certain types 
of support springs can be used to assist in modeling 
substructures effectively. Further studies of this kind are 
expected to be useful, by developing proven procedures 
for modeling vaulted masonry structures, including 
location and type of support conditions and reasonable 
ranges of modeling parameters such as density and 
modulus of elasticity. The present study can already be 
used in the development of further models for the 
National Cathedral and for other structures.  
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NOTATIONS AND ABBREVIATIONS 
 
d = density  
E  = Modulus of Elasticity 
P  = Probability 
FM = Finite Element 
MCMC = Morkov Chain Monte Carlo 
PDF = Probability Distribution Function 

1 = First Control Parameter 
2 = Second Control Parameter 
 =  Calibration parameter(s) 
  =  Natural Frequency  
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1.0 Submittals 
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published elsewhere will be considered if previous 
exposure was very limited, if appropriate credits are 
given, and if necessary permission is granted. 
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understandable paper. See Section 2.1 of this document 
for more detailed requirements for submittal of a 
Technical Paper. Acceptance of Technical Papers will be 
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Interest Topic are given in Section 2.2. 
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Discussion is reviewed by the Editor only. The Author of 
the original Technical Paper or General Interest Topic 
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2.0 Manuscript Requirements 
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2.1 Requirements for Technical Papers 
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2.1.2 All submitted manuscripts are to be double spaced 
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submissions should be sent to info@masonrysociety.org. 
 
2.1.3 Figures must be drawn electronically.  Individual 
electronic files containing the final drafts of all figures, in 
their original formats, shall be emailed to 
info@masonrysociety.org once a manuscript has been 
accepted for publication by the Journal Editor.   Figures 
must be legible at up to a 50 percent reduction in size.  
The figure number and title must appear at the bottom of 
the figure.  All figures must have captions and be 
referenced and explained in the text. 
 
2.1.4 Table number and title must be indicated at each table. 
All tables must be referenced and explained in the text. 
 
2.1.5 Individual electronic files containing the final drafts 
of all photographs, in their original formats, shall be 
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Photographs should be scanned electronically and 
provided in TIFF or EPS format.  Photographs are treated 
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manuscripts accepted for publication become the property of 
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a separate page. 
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REFERENCES. References must be cited in the text by 
author name and date, e.g. Jaffe (1998). All listed 
references must match those cited in the text. Provide 
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journal or book title, authors, date of publication, issue 
volume and number, page numbers, and publisher. Format 
in accordance with the MLA Handbook for Writers of 
Research Papers, by Joseph Gibaldi, 6th ed., New York, 
Modern Language Association, 2003. 
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when they first appear in the text (or in figures or tables). 
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numbered, with the number appearing to the right of the 
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