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Abstract: This study demonstrates amethodology for selecting optimal regions for placing vibration sensors to efficiently extract the dynamic
characteristics of the nave of the Cathedral of St. John the Divine (SJD). Placing sensors at optimal regions reduces not only the cost and time
demands of vibration testing but also the amount of measurement data that needs to be postprocessed. Optimal sensor locations are determined
by exploiting the finite-element (FE) model of the cathedral nave, built according to available documentation and best-engineering judgment
and correlated against on-site measurement and inspection data. Optimal sensor locations are determined through a modified version of the
effective independence method (MEIM) using the mode shape predictions of the correlated FE model. In (MEIM), there are two conflicting
objectives: maximizing the orthogonality of mode-shape vectors of interest through an information-gain-based criterion while effectively ex-
ploring the geometry of the structure and avoiding spatial aliasing through a distance-based criterion. The study investigates the tradeoff be-
tween these two objectives and determines the regions of the cathedral nave that are consistently identified as optimal for sensor placement. To
ensure the validity of the findings presented, the robustness of the (MEIM) to potential inaccuracies in the FEmodel is also demonstrated. In the
absence of prior information regarding themodal behavior of a Gothic-style cathedral, the regions identified therein can be considered plausible
locations for sensor placement in future studies.DOI: 10.1061/(ASCE)AE.1943-5568.0000112.© 2013 American Society of Civil Engineers.
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Introduction

Modal analysis is a convenient nondestructive tool that has been
widely implemented for identifying the natural frequencies and
mode shapes of masonry structures for the last three decades [see,
e.g., Armstrong et al. (1995) for one of the earliest studies]. In the
field of historic preservation, modal analysis can serve two specific
purposes by providing (1) experimental evidence to calibrate nu-
merical models and (2) a nondestructive testing and evaluation
method for periodic health monitoring of historic monuments. The
first purpose, i.e., implementing modal analysis as experimental
evidence for the calibration of numerical models of historic masonry
structures, falls under the broader concept of experiment-based
validation. The primary objective of experiment-based validation
is to ensure that the boundary conditions andmaterial characteristics
of the block-and-mortar assembly are properly defined. Successful
applications of this approach include masonry arches (Ramos et al.
2010), domes (Atamturktur and Sevim 2012), towers (Bayraktar
et al. 2009), buildings (Antonacci et al. 2001; De Sortis et al. 2005;
Ramos et al. 2005), amphitheaters (Zonta 2000), and churches

(Turek et al. 2002; De Stefano 2007; Atamturktur et al. 2012). The
second purpose, i.e., implementing modal analysis as a non-
destructive, continuous monitoring tool, falls under the broader
concept of structural health monitoring (Farrar and Worden 2007).
The basic principle behind vibration-based structural health moni-
toring is that a change in the structure’s physical properties, such
as stiffness or mass, causes a change in the vibration response of
the structure, which can be measured using a variety of dynamic
measurement techniques. Because of its nondestructive, nonintrusive
nature, the concept of vibration response–basedmonitoring has gained
popularity for the assessment of masonry structures, including ma-
sonry arches (Armstrong et al. 1995), pinnacles (Ellis 1998), towers
(Gentile and Saisi 2007), and churches (Atamturktur et al. 2011).

For both applications of modal analysis just discussed, perform-
ing full-scale testing on a historic masonry monument poses tech-
nical and practical challenges primarily owing to the large size of
these monuments. It is uneconomical and, more important, un-
necessary to envelop the entire structurewith closely spaced sensors.
By finding optimal sensor locations, it is possible not only to reduce
the demands on experimental resources (such as time and budget)
but also to reduce the volume of data that must be processed after
data collection. Moreover, the success of structural health moni-
toring techniques for damage diagnosis (Hemez and Farhat 1994)
and ofmodel calibration for reaching high-fidelity numericalmodels
(Atamturktur et al. 2012) has been reported to depend on the proper
selection of the sensor locations; therefore, optimal sensor placement
is crucial to the success of both vibration-based structural health
monitoring and model validation techniques.

A review of pertinent literature reveals that in earlier published
work on historic masonry monuments, sensor locations were se-
lected based on qualitative engineering judgment and intuition [see,
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e.g., the guidelines provided by Atamturktur et al. (2009) for
quadripartite rib vaults]. To address the need for a rigorous quan-
titative approach to determine sensor placement on such monu-
mental structures, this study demonstrates a methodology to select
the optimal sensor locations for a Gothic Revival-style masonry
cathedral by exploiting the mode shape predictions of a preliminary
finite-element (FE) model. The procedure implemented herein, the
modified effective independence method (MEIM), selects optimal
sensor locations such that a desired number of mode shapes of the
structure, i.e., target modes, maintain as much linear and spatial
independence as possible and thus can be properly identified with
a given number of available sensors.

This paper begins with a brief description of the effective in-
dependence method (EIM) as originally developed by Kammer
(1991). Subsequently, discussions are presented on the distance-
based criterion introduced to improve the effective spatial distri-
bution of sensors across the structure and the error model introduced
to improve the robustness of themethod to potential modeling errors
(Kammer 1992). Next, a brief description of the case-study structure,
the Cathedral of Saint John the Divine (SJD), is provided, followed
by a discussion of the two-step process to develop the FEmodel and
its correlation with the dynamic and static response of the cathedral.
Considering the first nine global modes of one of the nave bays, the
robustness of the (MEIM) to potential inaccuracies in the FE model
is verified. The dependency of the necessary number of sensors on
the desired number of mode shapes is then demonstrated. Next,
a discussion is provided on the optimal sensor locations obtained for
SJD and the regions that are consistently identified as optimal.
Finally, concluding remarks are provided highlighting the limi-
tations of the proposed (MEIM) as well as its potential applicability
to similarly designed Gothic Revival cathedrals.

Modified Effective Independence Method

In this section, the authors first review the effective independence
method (EIM) as originally developed by Kammer (1991), closely
following the discussion provided by Kammer and Tinker (2004).
While maintaining the highest information content, EIM is prone to
selecting clusters of closely spaced sensors and as a result may fail to
supply a satisfactory geometric distribution of sensors. To ensure
that the sensor locations spatially explore the structure in an effective
manner, the EIM is modified herein by adding a distance-based
criterion. In addition, the EIM can exhibit sensitivity to modeling
inaccuracies. To alleviate this sensitivity, the error theory proposed
by Kammer (1992) is incorporated, which mitigates the degrading
influence of potential inaccuracies in the FE model in sensor se-
lection and ensures consistency in selected sensor locations.

Effective Independence Method

The goal of the EIM is to retain as much information as possible
about the dynamic behavior of a structural systemwhile reducing the
number of sensors through maximization of the Fisher information
matrix. The EIM is relatively simple and rapid, especially when
compared with methods involving neural networks and genetic
algorithms, making it conveniently applicable for large structures
with a high number of possible candidate locations. Successful
applications of the EIM have been well documented; see, for in-
stance, Glassburn (1994), Kammer (1996), and Heo et al. (1997).

Let us assume that the number of plausible candidate sensor
locations is s, whereas the resources available for testing allow only
m sensors, where m! s. The problem then becomes the optimal
placement of m sensors in s possible locations. The EIM iteratively

eliminates the candidate sensor locations that contribute least to the
spatial and linear independence of the modal vectors of interest
while retaining the candidate locations with higher effective in-
dependence values (EIVs). Retaining sensor locations with higher
EIVs ensures greater signal strength (Kammer and Tinker 2004).

In the EIM, first, a set of target modes is selected that contains
only the dynamically important mode shapes of interest. Next, a
large enough set of candidate sensor locations that can clearly
identify the target modes in a spatially and linearly independent
manner is selected. Iteratively, the EIM chooses m optimal sensors
from the s candidate sensors while maintaining as much spatial and
linear independence of the target mode shape vectors as possible.

Kammer (1991) has shown that sensor placement can be ach-
ieved by maximizing the Fisher information matrix Q

Q ¼
!
FT 1

C2F

"
(1)

whereF5matrix of the mode shape vectors; andC2 5 covariance
matrix of the measurement noise, which is assumed to be uncor-
related stationary Gaussian white noise with identical statistical
properties for each sensor.

It can be shown that maximizingQ leads to a best estimate of the
target modes (Kammer and Tinker 2004), and thus the objective
becomes the selection of sensors with the largest Qi such that Q is
maximized. By assuming the covariance of noise as identity, Q can
be approximated as

Q ¼
Ps

i¼1
fT
i fi ¼

Ps

i¼1
Qi (2)

wherefi 5 ith row in the target mode shapematrix corresponding to
the ith candidate sensor. Thus Qi represents the information content
of the ith sensor location. The determinant of the Fisher information
matrix supplies a metric that is analogous to the information content
of a sensor location, which can be given for the ith sensor as

det
#
Qi$ ¼ detðQÞdetð12EiÞ (3)

where Qi 5 determinant of the Fisher information matrix after the
ith sensor has been eliminated; and Ei 5 EIV of the ith sensor. From
the formulation in Eq. (3), it can be seen that the EIV represents the
fractional reduction in the determinant of the Fisher information
matrix as a result of elimination of the ith candidate sensor.When the
sensors are ranked by their EIVs, the sensor with the smallest EIV is
the best choice for elimination because its elimination causes the
least reduction in the determinant ofQ. The EIV can then be given by
Eq. (4)

Ei ¼ fiQ
21fT

i (4)

The value of EIV can range between 0 and 1, with the value 0 im-
plying that the target modes are not observable from the sensor lo-
cation (or that the corresponding row in the mode shape matrix is
null, indicating that the specific sensor location lies on a nodal line
for all target modes). On the other hand, an EIV of 1 implies that the
sensor location is absolutely crucial for maintaining independence
of the mode shape matrix and for identifying the target modes. The
number of sensors with an EIV of 1 is equal to the number of target
modes, which is intuitive because the minimum number of sensors
cannot be less than the number of modes to be identified (Li et al.
2008). In practice, however, the number of sensors employed is
usually larger than the bare minimum for the purpose of adequate
identification and visualization of the mode shape.
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In an iterative manner, the EIM then eliminates the sensor with
the minimum EIV from the list of candidate sensors. The mode
shape and Fisher information matrices are updated at every itera-
tion until a predefined number of sensors remain to serve as the
optimal set of sensor locations. Because of the iterative nature of
the algorithm, the final sensor configuration can be suboptimal;
however, Kammer (1991) states that the mode shape estimates
from this configuration are close approximations of the actual optimal
configuration.

Note that using EIV as the criterion for elimination of sensors
causes deletion of the sensor locations that are on the nodal lines of
the target modes or locations that show zero modal displacements.
Although the signal strength on the nodal lines, during actual testing,
will be insignificant, these locations are important for complete
definition of the mode shape and to allow different mode shapes to
be visually distinguished.

Effective Independence Method as Applied to
Masonry Monuments

The EIM was conceived originally for large space structures, where
strict restrictions on weight severely limit the number of allowable
sensors during on-orbit modal identification. The main differences
in vibration testing of on-orbit space structures and civil structures
lie in the frequency range of interest. Aeronautical structures have
a higher frequency range and a higher number of local vibration
modes of interest (Göge and Link 2003; Renson et al. 2012; Ameri
et al. 2012) when compared with civil structures, for which ex-
perimenters typically focus on the 10–15Hz and target nomore than
10 global modes (see Atamturktur et al. 2009; Gentile and Saisi
2007; Boromeo 2011). Although the target modes and frequency
ranges of these two applications are vastly different, from a math-
ematical formulation point of view, nothing prevents implementa-
tion of the EIM to civil infrastructures. Moreover, because the
objective to retain the sensor locations with the highest EIVs results
in a high signal strength, the EIM is particularly advantageous for
testing large masonry structures, where low levels of vibration
amplitudes may result in low signal-to-noise ratios.

The EIM relies on a numerical model being available prior to
actual testing to be able to extract the target modes. Because closed-
form solutions or hand calculations of mode shapes for complex
structures such as Gothic Revival cathedrals are unachievable, a FE
representation of the nave bay of the cathedral is adapted. In the case
of historic monuments, where physical accessibility to certain areas
is limited even with cranes and typically infeasible without dis-
turbing the operation of the structure, candidate sets of sensor re-
gions must first be chosen during a site reconnaissance survey. The
candidate set of sensor locations can then be defined as the corre-
sponding nodal points in the FE model.

Distance-Based Criterion

One drawback of the EIM,which is especially evident for symmetric
structures, is that the EIM is prone to selecting measurement loca-
tions nearly adjacent to each other. Such selection occurs when there
are several sensors with approximately the same EIV. The closely
spaced sensors measure similar (or nearly similar) responses and
supply an incomplete spatial representation of the mode shape of the
structure. Even though the EIM ensures orthogonality of the target
modes, closely clustered sensor locations may result in spatial ali-
asing of undesirable higher-order modes (modes that are not in-
cluded in the target mode list). Therefore, it is of value to maximize
the minimum distance between sensor locations to ensure that sensors
effectively explore the geometry of the structure while maintaining

spatial and linear independence of target modes.With this additional
criterion, an improved ability to observe themode shapes can also be
attained, which is particularly important when visually correlating
analytical and experimental mode shapes. Therefore, the EIM
originally proposed by Kammer (1991) is modified by introducing
a distance-based criterion (DBC) to the optimal sensor selection as
follows:

dji ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#
xi2 bxj

$2
þ
#
yi 2 byj

$2
þ
#
zi 2 bzj

$2
r

i ¼ 1, 2, . . . ,m; j ¼ 1, 2, . . . , s (5)

where xi, yi, and zi 5 coordinates of the ith optimal sensor chosen by
the EIM; and bxj, byj, and bzj 5 coordinates of the jth sensor locations.

If dji ,DBC, sensor location j is eliminated. Therefore, this
criterion ensures that the sensors are not clustered; however, it may
result in sensor locations that have a high EIV being eliminated
because of their proximity to an earlier retained sensor location.With
DBC, the information content of the mode shape matrix, as the
sensors are eliminated, is reduced more rapidly compared with
applying the EIM without a DBC. Consequently, there is a tradeoff
between the spatial distribution of sensors and information content
of the final mode shape matrices, which will be discussed later.

Robustness to Model Error

Sensor locations chosen by the EIMmay be sensitive to errors in the
numerical model predictions caused possibly by imprecision in the
material properties and boundary conditions. Therefore, it is crucial
to correlate the FE model predictions against experimental evidence
to ensure that the FE model is a realistic and accurate representation
of the structure (this task will be detailed later in this paper). How-
ever, even after elaborate and successful test analysis correlation and
model calibration efforts, a level of error in model predictions is
imminent considering the size and complexity of historic masonry
monuments. To mitigate the sensitivity of EIM sensor placements to
potential errors in model predictions and to obtain more consistent
sensor locations, Kammer (1992) suggests the use of the error
theory, in which the error between themode shapes of a reference FE
model (assumed to be accurate) and those obtained by a slightly
inaccurate model is calculated as

ds ¼ Ffs 2Frs (6)

where Ffs 5 mode shape matrix obtained by the FE model with
uncertain input parameters; andFrs 5 reference mode shape matrix.

The net information matrix In is then calculated as

In ¼ Ar 2D (7)

where Ar 5FT
rsFrs; and D5 dTs ds. The information matrix Ar

corresponds to the reference mode shapes, and D is the information
matrix of the mode shape errors. If the matrix In is positive definite
for a particular sensor configuration, thenAr is greater thanD (Bhatia
2007), which means that more information is available in the ref-
erence modes than in the mode shape errors. The positive defi-
niteness of In is a sufficient condition for the positive definiteness of
the reference mode shape information matrix Ar, which guarantees
the spatially and linearly independent identification of the target
modes. As proposed byKammer (1992), in the course of the EIM, In
can be calculated at every iteration, and if it is determined to be
positive definite, then the eliminated sensor is not vital to the in-
dependence of the reference modes and can be eliminated safely. On
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the other hand, if the positive definiteness of the net information
matrix is not maintained after the elimination of a sensor, then that
sensor is vital to the independence of target modes and must be
retained.

Case-Study Structure

The Cathedral of SJD, located in New York City, is currently the
second largest cathedral in the world (Hall 1920) [Fig. 1(a)]. The
37.8-m-high and 75.6-m-long cathedral nave consists of four bays,
each of which is 44.5 m wide (Wickersham 1998). The construction
of SJD began in 1982 and is still under way.

This study focuses on one of the bays along the nave of SJD
[Fig. 1(b)]. Each bay of the SJD nave has a central square sexpartite
ribbed vault with two rectangular aisle vaults on either side. Each
nave bay also consists of an ambulatory aisle vaulted with rectan-
gular quadripartite vaults. The vertical thrust from the sexpartite
nave vaults and aisle vaults is transmitted through the rubble fill to
the heavy piers having a large cross-sectional area, which also carry
the roof loads. The horizontal thrust from the vaults is transmitted
through the rubble surcharge to the external buttresses. The piers are
braced at the level of the internal walkway.

The main walls of SJD are made of Maine granite with Mohegan
golden granite facing on the exterior of the structure and Frontenac
stone facing on the interior, with piers and buttresses that are in-filled
with concrete (Hall 1920). The webbing of the vaults is composed of
Guastavino tile (Rossell 1995), and the vault ribs are made of cut
schist.

Development and Validation of the FE Model

A FE model of SJD is built in two systematic phases using the FE
software packageANSYS 12. In the first phase, the vaulted section of
the nave above the springing level is built and correlated with
dynamical characteristics of the vaults obtained through preliminary
experiments. In the second phase, a nave bay is modeled in its
entirety by adding the piers, buttresses, andwalls. This model is then
correlated with on-site inspections of existing crack locations.

Note that the model is built based on linear, elastic, homoge-
neous material properties. Although ultimate load-carrying capa-
city analysis of unreinforced masonry structures usually necessitates
nonlinear material properties, a linear model is known to give sat-
isfactory predictions of the tensile zones under service loads and in
cases that do not show excessive inelastic distortions (Mark and

Hutchinson 1986; Binda and Saisi 2001; Lourenço et al. 2001;
Erdogmus et al. 2007; Boothby and Atamturktur 2007; Lima et al.
2008). Moreover, the FE model is used strictly to predict the modal
response of the cathedral, computation of which relies solely on
linear material properties that are the elastic modulus and mass
density. Therefore, definition of linear material properties is suffi-
cient for this study.

First Phase: Modeling a Nave Vault

Model Development
According to available construction drawings, the geometry of SJD
is first simplified and idealized, preserving the structural properties
such as the cross-sectional area and the moment of inertia of the
members. The vault ribs and the vault webbing are modeled using
20-node SOLID95 brick elements and 8-node SHELL93 shell ele-
ments, respectively (Ansys 2009). Because the surcharge is of lesser
importance, it is modeled using lower order 10-node SOLID92
elements. The entire model of one nave bay vault consists of 47,194
elements.

The initial material property values for elastic modulus, den-
sity, and Poisson’s ratio of the construction materials used in the
cathedral are determined according to historic documentation
(Theodossopoulos 2004; Özen 2006). The vault webbing is con-
structed with Guastavino tile with a thickness varying from 15 to
20 cm. The initial values for the elastic modulus and density of the
Guastavino tile are determined according to laboratory experiments
on Guastavino tile andmortar specimens as reported byAtamturktur
and Sevim (2012). These values are then homogenized to represent
the material property values of tile-mortar assembly. The surcharge
volume behind the vaults is composed of masonry rubble, for which
material properties are determined according to Erdogmus (2004).
Initial material properties for the ribs and arches are assigned based
on available documentation on cut schist (Goodman 1989). These
initial material property assignments are summarized in Table 1 for
various structural components. The initial boundary conditions are
applied according to a combination of visual observations of support
conditions, engineering judgment, and the recommendations of
Erdogmus (2004).

The initial material properties are fine-tuned and boundary con-
ditions refined according to the experimentally measured natural
frequencies andmode shapes, as described in the following sections.
The single-bay model is then reflected through the symmetry axis to
obtain a three-vault model, as shown in Fig. 2.

Experimental Campaign
By conducting on-site experimental modal analysis, the mode shapes
and natural frequencies of the vaulted portion of SJD are extracted.
A 6-kg modal impact hammer is used for excitation, and the vi-
bration response is measured using PCB Piezotronics 393A03
accelerometers. The accelerometers are mounted vertically at seven
locations on the vault, chosen using best engineering judgment,
and the structure is excited at three different locations [shown in
Fig. 2(b)].

Fig. 1. (a) The west front of the Cathedral of SJD, New York; (b)
sectional elevation drawing of the nave

Table 1. Initial Material Properties Used in FE Model for Different Parts
of Structure prior to Calibration

Structural
member

Density
(kg=m3)

Elastic modulus
E (GPa)

Poisson’s
ratio

Ribs/arches 1,900 12 0.15
Vault webbing 1,800 7.58 0.26
Rubble surcharge 1,500 5.0 0.15
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Test-Analysis Correlation
The aim of this task is to ensure that the vaulted section of the
structure is modeled appropriately, considering primarily the ma-
terial property values entered into the final FE model. Because only
the vaulted section of SJD is modeled in the first phase, the structural
effects of the unmodeled sections of the nave, such as the navewalls,
aisles, and buttresses, are approximated as boundary conditions. The
initial boundary conditions are then refined in an iterative manner by
systematically comparing the analytically obtainedmode shapes and
mode shape sequence with those obtained experimentally (Fig. 3).
The final boundary conditions applied to the vaults consist of (1)
displacement and rotational restraint applied in all directions at the
base of the vault springing, (2) longitudinal horizontal restraint to
represent the unmodeled adjacent vaults, and (3) transverse hori-
zontal restraint along the length of the piers where buttresses rest.

After the suitable boundary conditions are determined, the initial
material properties (given in Table 1) are fine-tuned to achieve
agreement in the calculated and measured natural frequencies. The
final values obtained formaterial properties are listed in thefirst three
rows of Table 2.

Note that calibration of the material properties and boundary
conditions is uncoupled, in which the boundary conditions are ad-
justed according to the mode shape agreement, and the material
properties are fine-tuned according to the natural-frequency agree-
ment. Atamturktur andLaman (2012) cautions against such uncoup-
ling because the relative ratio of material properties also may have
an effect on the mode shape vectors as well as their sequence,
which might lead to nonunique solutions. By perturbing the ratio of
different material properties, the mode shapes and mode shape
sequence are checked for mode swapping. Mode swapping is not

Fig. 2. (a) Nave vaults; (b) FE model of the vaults showing the experimental setup (upward arrows are the sensor locations and the three downward
arrows are the excitation locations)

Fig. 3. Comparison of experimental and analytical modal analysis results of the vaults of SJD
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observed, and thus the fine-tuned material property values and re-
fined boundary conditions are deemed suitable.

Second Phase: Modeling the Entirety of a Nave Bay

Model Development
In the second phase, the first-phasemodel is extended to represent an
entire nave bay, including full-length piers, buttresses, and aisle
vaults. While adding these structural components, both the element

types and the material properties are kept consistent with those used
in the first phase. Only one new element type, BEAM188 element, is
introduced to model the ribs of the aisle vaults, and only one new
material is defined to represent the granite walls and piers. The FE
model representing the entirety of one nave bay consists of 125,920
elements (Fig. 4).

The elastic modulus of granite piers and walls is assumed to have
a value of 50 GPa based on published values in the literature (Özen
2006; Gere and Timoshenko 1997). The density of the granite
material is defined based on historic correspondences obtained from
the SJD archives (J. Adamson, unpublished letter to James Grant,
dated January 25, 1917). Because the material-property values of
granite are particularly uncertain, a separate experimental obser-
vation is needed to ensure the validity of the second-phase model.
For this purpose, tensile-stress predictions of the FE model are
compared against the existing crack locations.

At the base of each foundation, a fully rigid boundary condition,
which prevents translation and rotation in all three directions, is
applied. At the floor level, piers and buttresses are restrained hori-
zontally to mimic the restraining effect of floor slabs. Symmetry
boundary conditions are applied to both the east and west faces of
the bay to simulate the effects of adjacent bays in the nave. Note that
the existing tensile cracks are localized and thus do not influence the
connectivity between major structural components. Given the size
of the structure, these localized cracks have minimal effect on the
global behavior of the structure (Mark 1984) and thus are not in-
cluded in the FE model.

On-Site Inspection
The entire nave is inspected for signs of geometric distortions in the
structure. The heights of the crowns of the nave, aisle arches, and
vaults aremeasured alongwith themidpoints of the arches, as shown
inFig. 5, and the geometric distortion is concluded to beminimal. To
list a few, the average variability between the crowns of four bays
(Point 13) is obtained as 0.05%, and the average variability between
symmetric points on the vault within each bay is 0.36%. From these
insignificant values of variability, it is concluded that the structure’s
geometric shape, in particular, its symmetry through the longitudinal
axis of the nave, is well preserved. This observation leads the authors
to believe that the cracks are not caused by lateral forces or by
differential support settlement (Atamturktur et al. 2011) but instead
are primarily the result of gravitational forces.

Table 2. Element Types and Material Properties Used in FE Model for
Different Parts of Structure after Calibration

Structural
member

ANSYS
element

Density
(kg=m3)

Elastic modulus
E (GPa)

Poisson’s
ratio

Ribs/arches SOLID95 2,100 12 0.2
Vault webbing SHELL93 1,600 6.5 0.15
Rubble surcharge SOLID92 1,000 4.5 0.1
Piers SOLID95 2,640 50 0.2
Walls SOLID92 2,700 50 0.2

Fig. 4. The 3D meshed FE model of the bay

Fig. 5. Vertical distance measurement points for inspection for any signs of geometric distortions or support settlement
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During the reconnaissance survey, the cathedral is closely
inspected for cracking and hinging of masonry structural members.
Consistent cracks are observed at the rose openings (Fig. 6) and in
the walkways between the buttress and nave (Fig. 7). The cracks are
symmetric on both sides of the nave in each of the four nave bays,
indicating that they are caused by a symmetric loading configuration
imposed in a consistent and uniform manner throughout the nave.
This observation supplies evidence that the cracks are caused by
tensile forces developed by self-weight of the structure.

Inspection-Analysis Correlation
If the FEmodel of the entire nave bay is an accurate representation of
reality, then the self-weight simulations should yield high stress
concentrations at the crack locations identified during the recon-
naissance trip (Mark and Hutchinson 1986; Ricart-Nouel 1991).
When the regions with high tensile stress concentrations predicted
by the FE model under self-weight are compared against the
locations of the existing cracks, a close match is observed. As

evidenced by Figs. 5 and 6, the cracks consistently present at every
rose opening and outer walkway of SJD and are well predicted in the
FE solution. Therefore, the FE model is deemed to be a sufficiently
accurate representation of the nave and is suitable for use in de-
termining the optimal sensor locations. However, one must note that
no model is perfectly accurate, and a level of error in model pre-
dictions remains. Thus the robustness of the implemented optimal
sensor placement methodology to this uncertainty also must be
investigated, which will be discussed later in this paper.

Sensor Optimization

The candidate sensor locations for an in-service monument are
governed by many factors, including accessibility, maintaining the
aesthetics of the structure, and public safety. The problem becomes
that of selecting the optimal locations out of the feasible candidate
locations. In a reconnaissance survey, all regions feasible for sensor
placement are scouted, taking into account the availability of power
sources and the length of sensor cables. The walkways between the
buttress and nave, as well as mezzanines inside the nave, allow the
placement of sensors at intermediate levels on the piers, walls, and
buttresses on the inside and outside of the cathedral. The entire nave
vault is accessible from the top.

According to the mesh discretization of the FE model, 205 nodes
on the vault and an additional 576 nodes on the remaining structure
(thus a total of 781 nodal degrees of freedom) are selected as can-
didate sensor locations (Fig. 8). Note that the 781 is an arbitrary
number solely depending on the number of nodes in the FEmodel at
the feasible regions. Should the mesh discretization of the FE model
have been different, the initial size of the candidate locations could
have been different. Optimal sensor locations are sought considering
triaxial accelerometers; thus the candidate locations consist of all
three translational degrees of freedom at each of the 781 nodes.
Hence the mode shape matrix is formed with 781 candidate sensor
locations considering the resultant of the X, Y , and Z modal dis-
placements. If triaxial sensors are unavailable at the time of the test,
then uniaxial sensors can be revolved three times at each location to
obtain measurements in all three directions. Similarly, to identify
modes in only one or two directions, the mode shape matrix can be
modified to include only themodal displacements in those respective
directions.

Eleven of the first 20 analytical modes are observed to be local,
where the motion is focused on a single structural member (typically
one nave pier in each mode). Accordingly, 9 of the first 20 modes,
identified as dynamically important, are accepted as target global
modes. Note that the term global herein indicates the global behavior
of one nave bay, not the entire cathedral. In these nine global modes,
the nave participates in the modal response in its entirety (Fig. 9).
Consequently, the nine global modal displacements obtained at
the 781 candidate degrees of freedom form the initial mode shape
matrix. To ensure equal participation from all nine modes in the
sensor selection process, the mode shapes are normalized between
0 and 1.

As explained earlier, the determinant of the Fisher information
matrix, representing the information content of the mode shape
matrix, is updated as each sensor is eliminated. In Fig. 10(a), the
percentage information loss (or percent reduction in the determinant
of the Fisher information matrix) is calculated with respect to the
information content of the initial set of candidate locations. Note that
when all 781 sensors are eliminated, 100% of the initial information
content is lost. Therefore, the actual value of percentage information
loss presented in Fig. 10 depends on the initial candidate set and thus
must be treated as a relative measure. Fig. 10 also demonstrates the

Fig. 6.Cracks at the rose opening (highlighted) corresponding to high-
tensile-stress regions in the FE model

Fig. 7. Cracks at the walkways (highlighted) between the buttress and
the nave corresponding to high-tensile-stress regions in the FE model
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dependency of the information loss on the number of desiredmodes.
Clearly, as the number of desired modes increase, to maintain the
same level of information, one needs to adopt more sensors. For
instance, if only the first two modes are desired, one can eliminate
350 sensors with only a minimal loss (∼10%) in the information
content compared with the initial set of 781 candidate locations.
However, if the first four modes are desired, then the number of

sensors that can be eliminated without losing more than 10% of the
information content drops down to 120 sensor locations.

Fig. 10(b) plots the modal assurance criteria (MAC) between the
mode shapes obtained from the entire candidate set (781 sensor
locations) and the optimal set with increasing number of eliminated
sensors. MAC is a metric that represents the degree of linear corre-
spondence between twomode shape vectors (Allemang 2003) given by

Fig. 8. (a) Accessible locations on the structure highlighted; (b) candidate sensor locations shown as dots

Fig. 9. Nine target mode shapes desired to be extracted during the in situ modal analysis
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MACn
oc ¼

jffn
og

Tffn
cgj

2

ðffn
og

Tffn
ogÞðffn

cg
Tffn

cgÞ
(8)

wherefn
o 5mode shape vector of the nth mode from the optimal set;

andfn
c 5mode shape vector of the nth mode from the candidate set.

The MAC value lies between zero and unity, with higher MAC
values indicating better agreement. When no sensors are eliminated,
the MAC value calculated for a given mode is, of course, unity.
However, as sensors are eliminated, the MAC values degrade for all
modes.

As it is clear fromEq. (8), the mode shape vectors corresponding
to optimal and candidate sensor locations must be of the same length
for the calculation of MAC. However, mode shape vectors of op-
timal sensors contain significantly fewer degrees of freedom than the
candidate sensors. Therefore, themode shape vectors extracted from
the optimal set are linearly interpolated according to Eq. (9). In
Eq. (9), if i is the index of an optimal sensor and i1 n is the index of
the next optimal sensor (which can be the sensor that is closest in
a particular axis or can be determined according to the sensor
identification number), the modal displacement at an intermediate
sensor with index k is taken as

yk ¼ yiþn þ n2 k
n

#
yi2 yiþn

$
(9)

where yk 5 modal displacement at sensor with index k, yi 5 modal
displacement at sensor with index I; and yi1n 5modal displacement
at sensor with index i1 n. Linear interpolation inserts dummy points
between two optimal sensors to match the length of the mode shape
vector of optimal sensors to that of candidate sensors.

From Fig. 10(b) it is observed that the MAC values of the nine
modes decrease as the number of eliminated sensors increases.
Similar to what is seen from the Fisher matrix determinant [Fig.
10(a)], the higher-order modes require a higher number of sensors
to attain a certain value of MAC compared with the lower-order
modes. For instance, the MAC value after the elimination of 700
sensors is 0.81 (19% loss in MAC) for the first mode and 0.69 (31%
loss in MAC) for the ninth mode.

Also, recall that the loss in information based on the determinant
of the Fisher information matrix [Fig. 10(a)] is not an absolute
quantity because it strictly depends on the number of sensors in the
initial candidate design and thus should only be used as a relative

measure to evaluate the trends in information loss as a function of
number of eliminated sensors. However, the change in MAC yields
a more suitable indicator to evaluate howwell the optimally selected
sensor locations are representing the modes of the actual structure.
However, this statement is true only as long as a sufficient number of
sensors are included in the candidate set.

Fig. 11 shows the EIVs of the eliminated sensors calculated using
the iteratively updated mode shape matrix, i.e., the mode shape mat-
rix with only the remaining candidate locations. For instance, to
identify ninemodeswith each sensor having an EIV ofmore than 0.1,
it is possible to eliminate 701 sensors and use only 80 sensors. The
threshold value of 0.1 is an arbitrary number specific to this particular
case for the given number and configuration of candidate sensors.

Even though Figs. 9 and 10 are useful in visualizing the trends
and changes in the information content as candidate sensor locations
are eliminated, the EIM’s primary objective is not to determine the
number of required sensors. Instead, the EIM aims to optimally

Fig. 10. (a) Fisher informationmatrix determinant as a function of the number of eliminated sensors; (b)MAC values between the mode shape vectors
obtained from the optimal set and candidate set as a function of number of eliminated sensors

Fig. 11. Effective independence values of the sensors with respect to
iteratively updated mode shape matrix; (inset) zoomed in to 80 optimal
sensors
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locate a predetermined number of available sensors. Herein, for
demonstration purposes, the desired number of sensors is selected to
be 80 for one nave bay of the cathedral. The degrees of freedom are
then iteratively reduced from 781 down to this predefined number of
sensor locations by eliminating locations in succession based on
their contributions to the independence of the mode shape matrix.
Note that the authors do not recommend any specific number of
sensors to be used but rather demonstrate the optimal locations if 80
sensors are available. The decision regarding the number of sensor
locations can be made by the experimenter based on the available
resources or by the desired MAC agreement with the mode shapes
provided by the candidate sensor points.

Next, a total of 80 optimal sensor locations are sought using both
the original EIM and the (MEIM) with a DBC of 3 m [compare
Figs. 11(a) and 11(b)]. Without the minimum distance specified, the
EIMpicks closely spaced sensors at locations that yield an incomplete
spatial representation and thus an inadequate visual identification the
mode shapes [Fig. 12(a)]. With the (MEIM), each of the 80 triaxial
sensors is placed at least 3 m apart from its neighbor. The sensors are

thoroughly distributed across the structure, which is ideal for visu-
alizing the target modes of interest and preventing aliasing of higher-
ordermodes.Note, however, thatmaintaining the information content
and exploring thegeometry are conflictingobjectives in that the sensor
locations computed without the DBC contain more information.
Therefore, one must accommodate for the tradeoff between mode
independence and the ability to visually identify the mode depending
on the specifics of the structure, available resources for the experi-
ments, and the number of target modes to be identified. As a result, in
the following section, the sensitivity of the selected optimal regions to
the threshold set for the DBC is investigated.

Discussion

This section first evaluates the effect of the threshold value used for
the distance-based criterion and second evaluates the robustness of
optimal sensor placement to the potential imprecision and inaccur-
acy inmodel predictions. The section concludeswith a discussion on
the inferences made regarding the optimal regions for sensor
placement for the case-study application on SJD.

Sensitivity to Distance-Based Criteria

Note that the DBC may eliminate sensors that are mathematically
more optimal (Fig. 12). Fig. 13 shows the information content Qi of
the 80 sensor locations ranked by their optimality for a number of
different DBC values ranging from 0 to 3 m. It can be seen in Fig. 13
that the sensor locations with the same rank show lesser informa-
tion content as the minimum distance threshold between sensors is
increased. Note the exception where DBC 5 0.5 m yields more
optimal solutions between 45 and 80 sensors compared with DBC
5 0.0 m owing potentially to the inherent suboptimality of the EIM
caused by its iterative nature. It is clear from Fig. 13 that sensor
locations that are preferred by the EIM as optimal are eliminated by
the DBC based on their proximity to an earlier retained optimal
sensor location. The distance-based criterion thus enhances the
visual identification of the mode shape by spatially distributing the
sensors at the cost of a higher information loss. The user therefore
must be careful so as to keep the DBC to a level where the associated
information loss is not excessive.

Fig. 12. Optimal sensor locations for triaxial sensors on full bay: (a) without DBC; (b) with DBC of 3 m

Fig. 13. Behavior of Fisher information matrix determinant for dif-
ferent DBCs
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Robustness to Modeling Error

To ensure that the FEmodel used to generate the initial modalmatrix
is a suitable representation of reality, the model predictions are
compared against both experimental measurements of natural fre-
quencies and mode shapes and on-site inspections of crack loca-
tions. Necessary adjustments are made to improve its goodness of fit
to the observational evidence. However, in the absence of tests
conducted on actual materials of the cathedral, slight inaccuracies
may remain in the model predictions, particularly in the definition of
material property values. Therefore, it is of value to ensure that the
optimal placement of sensors through the EIM is robust to potential
modeling inaccuracies.

Assuming a 5% error in the model input parameters, five new FE
models are generated with a 5% reduction in the elastic modulus
of one of the five material types (assigned for ribs/arches, vault

webbing, rubble surcharge, piers, and walls) to be compared against
a reference model, which has material properties as described in
Table 2. First, the optimal locations obtained using these six slightly
different FEmodels are plotted using the original version of the EIM
(without employing a DBC) in Fig. 14. As seen, the sensors tend to
cluster around the crown of themain nave vault and themidheight of
the buttresses. However, sensors in certain regions, such as rose
openings, outer edges of the vaults, and outer edges of the buttresses
at the vault level, are eliminated consistently in all six slightly
different FE models. Thus, if one considers the regions within the
structure and not individual candidate degrees of freedom (DOFs),
the EIM selections are consistent and are robust to errors in model
parameters.

The EIM becomes increasingly sensitive to modeling errors with
the imposition of an increasing level of threshold distance between

Fig. 14. Optimal sensor locations after 5% reduction in elastic modulus of each of five materials without a DBC

Fig. 15. Optimal sensor locations for the six models with DBCs of (a) 0 m (or no DBC); (b) 1 m; (c) 1.5 m; (d) 2 m; (e) 2.5 m; (f) 3 m
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sensors. Fig. 15 shows the sensor configurations obtained using six
slightly different FEmodels for multiple levels of threshold distance
varying from 0 to 3m. As the distance is increased, the robustness of
the EIM diminishes. In an effort to achieve a compromise among the
retention of information, adequate visual identification of mode
shapes, and the robustness of the (MEIM), aDBCof 1.5m is deemed
suitable.

Optimal Sensor Locations for the Cathedral of
Saint John the Divine

Fig. 16 shows the sensor locations obtained using all six models
generated with varying material properties with a DBC of 1.5 m. To
reduce the potential variability in the selected sensor locations owing
to the uncertainty in material properties, the error theory proposed in
Kammer (1992) is applied, wherein only the sensors that cause the
net information matrix to remain positive definite are retained. The
error theory acts as a retention criterion for sensor locations that are
eliminated by the EIM. If after the elimination of a sensor location
the net information matrix is not positive definite, the sensors are
retained. There may be more than one sensor that might be retained
in this fashion if sensor locations with equal EIVs exist.

In Fig. 16, the optimal sensor locations are consistently con-
centrated around (1) longitudinal and transverse ribs on the vaults,
(2) vault webbing around the crown, (3) top of the longitudinal nave
walls, (4) top of the buttresses above the vaults, and (5) outer edges of
the buttresses at the level of the first crosswalk. The mode shapes
derived from these locations ensure maximum independence of the
mode shape matrix of the nine global modes of the nave bay. Al-
though the case-study application herein has been demonstrated
with 80 sensors, if the resources allow a fewer number of sensors, it
would be valuable to place the sensors at these general regions. For
applications in which visualization of the mode shapes is of greater
importance, the DBC can be increased, acknowledging the fact
that the linear independence of the mode shapes is sacrificed in the
process.

In the absence of prior information regarding dynamic charac-
teristics, an experimentalist can consider the findings of this study
as a guideline to the placement of sensors in the previously listed
regions during preliminary experimentation. Of course, the precise
locations of optimal sensors are bound to change depending on the
cathedral’s architectural style, health state, material composition,

desired number of modes, and so on. However, the authors believe
that the regions identified herein not only are accessible in most
cathedrals but also are effective for modal testing. Users whowish to
perform modal analysis of Gothic Revival cathedrals without the
lengthy process involving FEmodel development,model validation,
and execution of the EIMcan therefore use the previouslymentioned
locations in combination with engineering judgment and intuition to
complete an effective test campaign.

Conclusions

In this paper, the application of an existing analytical procedure, the
EIM established by Kammer (1991), is discussed and demonstrated
to find the optimal sensor locations that maximize the information
gained during in situ modal analysis of a Gothic Revival–style
masonry cathedral. Moreover, the EIM is modified by incorporating
a distance-based criterion, which ensures that the sensors are placed
with sufficient distance from each other to better explore the ge-
ometry of the structure. To reduce the effects of modeling error on
sensor placement, an error theory is applied that acts as a constraint
on the elimination of critical sensors that are important for modal
identification.

The EIM relies on the availability of an accurate numerical model
to predict the modal response of the structure. For this purpose,
a partial FE model of SJD is constructed focusing on the vaulted
region of one nave bay above the springing level. The partial model
is checked against the experimentally obtained natural frequencies
and mode shapes obtained through preliminary modal experiments.
The preliminary experiments are completed on the back of the
vaulted region using only seven measurement points and three ex-
citation locations. At this phase, the boundary conditions mimicking
the effects of the structural components excluded from themodel are
adjusted, and thematerial properties are fine-tuned. Next, this partial
model is extended to an entire nave bay model by adding the
structural components lower than the springing level, such as the
aisles, buttresses, piers, and walls. The FE model of the entire bay is
compared with the visual observations during the site survey. The
high-tensile-stress regions from a static analysis under self-weight
are compared with visually observed crack locations in the structure
and found to yield a satisfactory match. The accuracy of the model
can be improved further by calibrating the model to experimental

Fig. 16. Optimal sensor locations in the six FE models using a DBC of 1.5 m and applying error theory
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data. This can be achieved after, for instance, performing a full-scale
modal test for which the proposed approach of sensor placement is
essential. This raises the issue of a repeated cycle of testing and
calibration. Therefore, one must begin with either an imperfect ex-
periment or an imperfect FE model. However, following the cor-
relation and validation exercises discussed earlier, the FE model
used herein is deemed to have sufficient credibility for the purpose of
predicting the mode shapes of interest.

The regions accessible and feasible for sensor placement are
determined from a site reconnaissance survey. The mode shape
matrix is generated with an arbitrary number of 781 nodal degrees of
freedom present in the FE model at these regions. The target modes
are selected to be the first nine global modes of the single bay of
the nave. Finally, the candidate locations are reduced to a required
number of sensor locations using the (MEIM). Whereas the DBC
causes a loss of information in the mode shape vectors, it
distributes the sensors so that the final optimal set of sensors is not
clustered, resulting in a better visualization of the mode shapes
and avoiding the possible aliasing of higher-order modes as one of
the first nine global target modes.

A study of the robustness of the method to potential inaccuracies
in FE model parameters determined that the optimal locations
chosen by the (MEIM) localize in specific regions within the ge-
ometry, even in the presence of uncertainty in material properties.
However, the robustness of the method might be compromised with
the imposition of an excessive threshold distance. For the case-study
structure, a maximum of minimum threshold distance of 1.5 m is
deemed to be a suitable compromise.

The variable introduced, i.e., the DBC, requires a measure of
engineering judgment that, of course, depends on the objective of the
test campaign. The user also must rely on engineering judgment to
define the number of sensors to be placed based on the resources
allocated for the full-scale tests. The user must choose between al-
locatingmore time to the tests by keeping the number of sensors low,
thus increasing the repetitions, and allocating more funds to the tests
by procuring a larger number of sensors.

Ultimately, through application of the (MEIM) on the case-study
structure of the Cathedral of SJD, this paper presents a list of regions
suitable for sensor placement. Experimenters lacking the expertise
or experience in modal testing of such masonry cathedrals can im-
plement the guidelines presented in the absence of prior knowledge
about the modal parameters herein. The use of recommended sensor
locations is anticipated not only to reduce the necessary resources
but also to expedite the full-scale modal testing of Gothic Revival
cathedrals. Although demonstrated on the historic masonry structure
of SJD, the concepts presented herein are applicable to many other
structural systems.

The next step in this research is to perform the analysis on a va-
riety of Gothic Revival cathedrals to assess repeatability in the
prediction of regions on the structure for optimal sensor placement.
The effects of the design parameters, which include, among many
others, the width of the nave, the height of the nave, the number of
bays, the number of aisles, and construction materials and founda-
tion conditions, need to be studied.
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